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FP3 2020 10 MS

Question
Number Scheme Notes Marks
1(a) RPN o
4sinh3x+3sinhx=4(e © j +3(e © j
2 2
e —3e" +3e " —e " et —e ™"
S s e i
Uses sinhx =S _ on both sinh terms and attempts to cube the bracket
(min accepted is a linear x a quadratic bracket)
1 3 _ _ _
— 3x__ex _ex__eSx _ex__ex
2 2 2 2 2 2
3x —3x AT*
€ € .
= =sinh 3x*
| 2)
(b) sinh 3x =19sinh x = 4sinh’ x + 3sinh x = 19sinh x
= 4sinh’ x —16sinhx = 0 Ml
Uses the result from (a) and combines terms
(sinh x =0 or) sinh? x =4 sinh” x = 4 or sinhx:(i)Z Al
(0, 0) States the origin as one intersection Bl
Two correct non-zero x values(allow e.g.
ln(2+\/§)and—ln(2+\/§) 1n(—2+\/§)f0r —ln(2+\/§)) Al
Two correct points (allow e.g.
(111(2+\/§),38)and(—ln(2+\/§),—38) 1n(—2+\/§)f0r —ln(2+\/§)) Al
3
Alternative for (b) using exponentials
3 _a3r 19(e" —e
sinh3x=19sinhx == —° = (2 ):m Ml
Substitutes the correct exponential forms and collects terms to one side
= e’ —19e* +19e* —1=0 Correct equation (or equivalent) Al
(0, 0) States the origin as one intersection Bl
1
;ln (9 +445 ) Ol‘Eln (9 —45 ) Two correct non-zero x values (oe) Al
1
(;ln(9+4x/§),38) and (Eln(9—4\/§),—38j Two correct points (o¢) Al
Total 7
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Question
Number Scheme Notes Marks
2(i . 2
® 3x° +12x+24 =3(x" +4x+8) Obtains 3((x+2) +) or
2 Ml
:3((x.|.2)2+4) 3(x+2) +...
Must include 3 now or later

3((x+2)2+4) or 3(x+2)2+12 Al

1 1 1 1 2

- dx=— —de:—arctanx+ (+¢)
3x"+12x+24 3 (x+2) +4 6 2 MI1A1
M1: Use of arctan
A1l: Fully correct expression (condone omission of + ¢)
“4)
ii 2 2
(i) 27-6x-x" =—(x" +6x-27) Obtains —((x+3)2+...) or
Ml
Z—((x+3)2—36) —(x+3) +..
—((x+3)2 —36) or 36—(x+3)2 Al
I ;dxzj‘ ! dx=arcsin(x+3j(+c)
N27—-6x-x" [36—(x+3)’ 6
(Or =—arccos(xz3j(+c)) MIAT
M1: Use of arcsin (or — arccos)
A1l: Fully correct expression (condone omission of + ¢)
| )
Total 8
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Question
Number Scheme Notes Marks
3 3 4 &k
M=1 -2 &k
1 -5 5
(a) 3-4 4 k 0 4 &k
M-2=M= 1 -2-2 k|=]l =5 &
1 -5 5-A4 |1 -5 2 M1
(0)+4[2—k]+k[-5+5]
Attempts |M - ﬂ| using A= 3
(0)+4[2-k]+k[-5+5]=0=k=...
Ml
Uses |M - /H| =0 and solves for k
k=2 Cao Al
(©)]
(b) (3-2)[(A+2)(A-5)+10]+4(5-1-2)+2(-5+2+4)=0
M1
Attempts |M - /11| = 0 using their value of k
= (3-A)[(A+2)(A-5)+12]=0
(A+2)(A-5)+12= 27 =31+2=0=(1-2)(A-1)=0=>A=... M1
Uses A = 3as a factor to obtain and solve a 3TQ to find the other eigenvalues
(Alternatively may use calculator to solve 1° — 642 +1141-6=0)
A=12 Correct values Al
(&)
© 3 4 2)(x o 3x—4y+2z=3x Uses the eigenvalue 3 and their &
1 -2 2|y |=3|y|= x—2y+2z=3y | to form at least 2 equations in x, | M1
1 -5 5)\z x—5y+5z=3z |yandz
i Any correct eigenvector. Allow
a| 1| (aa constant) any constant multiple of Al
2 i+j+2k
| 1
— 1 Correct normalised vector Al
J6
2
3
Total 9
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Question
Number Scheme Notes Marks
4.
I =] x"cosxdx
(a) j ,, ) J _
x"cosxdx=x"sinx— | nx"" sinxdx
M1Al
M1: Parts in the correct direction
A1l: Correct expression
n . n—1 n-2
= —q- + -1 dx
x"sin x { nx"" cosx J'n(n )x COS X } dM1
Uses integration by parts again (dependent on the first M)
_on n-1
=x"sinx+mx"" cosx-n(n-1)I,_,* ALk
Fully correct proof with no errors
(C))
ALT
I = jx” cosxdx = jx”l (xcosx)dx
=x"sinx+x"" cosx—(n —I)JAx”‘2 (xsinx+cosx)dx
MI1Al
M1: Parts in the correct direction
A1l: Correct expression
=x"sinx+x"" cosx—(n- 1)jx"1 sinxdx—(n-1)1,_,
— " o1 n-1 n—1
=x"sinx+x"" cosx—(n —1){—x cosx+(n —l)ln_z}—(n -1)1,., M1
Uses integration by parts again (dependent on the first M)
o n-1
=x"sinx+nx"" cosx—n(n-1)1 _,* AL*
Fully correct proof with no errors
(b) I, =sinx (+k) Bl
I, = x* sinx+ 42 cosx—121, }Apphes the reduction formula once for /4 or M1
2
= x"sin x +4x° cosx—l2(x2 sinx+2xcosx—210)
Applies the reduction formula again and obtains an expression for /4 which can Ml
include /o but not &2
= (x4 —12x° + 24)sinx + (4x3 —24x)cosx +c
Award Al for either bracket and A1 for the other AlAl
If the answer is not factorised but is otherwise correct, award A1A0
)
Total 9
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Question
Number

Scheme Notes

Marks

5

2 2
S A y=mx+c
25 4

(@)

2
x> (mx+c)
25 4

Substitutes to obtain a quadratic in x and eliminates fractions

=1= 4x* —25(7112)62 +2cmx+cz)=100

Ml

4x* — 25(m2x2 +2cmx + ¢* ) =100
(: (25m” —4)x> +50cmx +25¢* +100 = 0)
Correct 3TQ

Al

"b* =4ac" = (50cm)’ =4(25m* —4)(25¢* +100)

Uses ‘b* = 4ac’ or equivalent

Ml

2500c’m” = 2500c’m” +10000m> —400c> —1600
10000m” = 400c” +1600
25m” =c* +4*
Fully correct proof with no errors

Al*

Q)]

ALT 1

Using hyperbolic parameters:

x=5cosht,y =2sinht :>d—y= 2C?Sht
dx Ssinht

2cosht

5sinh¢
MI1: Attempts the equation of the tangent Al: Correct equation (no simplification needed)

(x—5cosh)=y—2sinht

MI1A1

_ 2cosht o 2cosh?t—25sinh* ¢
Y= Ssinhs sinh?

: 2
, 4cosh’t ) 4 4(smh I+ 1) 4cosh’t
= At =4 ——= ) =T 2
sinh” ¢ sinh” ¢ sinh” ¢ sinh” ¢
Extracts 25m” and 4 + ¢? from their equation

25m

Ml

525mP =44 *
Fully correct proof with no errors

Al*

“)

ALT 2

Using trigonometric parameters:

dy 2sect
x:Ssect,y:2tant:—y: 5ce
Stant

2sect

Stant
MI1: Attempts the equation of the tangent Al: Correct equation (no simplification needed)

(x—5sect)=y—2tant

MI1A1

2sect 2tan’t—2sec’t
= X+
Stant

tan ¢

, 4dsec’t 4

25m =
tan’s  sin’¢

1 sin’ ¢+ cos* ¢ 4
4+c* =41+ — |=4 — =——— Extracts
tan” ¢ sin- ¢ sin- ¢

25m* and 4 + ¢* from their equation

Ml

S25mP =44 F
Fully correct proof with no errors

Al*

“)
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(b) 25m> =c>+4 and 2=m+c
25m2:(2—m)2+40r 25(2—0)2:cz+4 M1
Uses the given hyperbola and the straight line with the result from (a) to obtain an
equation in m or ¢
24m* +4m—8=0
or Correct 3TQ in m or ¢ Al
24c¢*> —100c +96 =0
24m2+4m—8:0:>m:l, 22
23
Or Solves their 3TQ in m or ¢ M1
24c2—1000+96=0:>c=3, 8
23
—lx+—or ——g)ch§ One correct tangent Al
YT TS &
1x+3 d 2x+8 Both tt t Al
=—Xx+—andy =—— — oth correct tangents
ST R R i
(6))
(© 1 3 9 , 75 625
m=—,c=—=>—x +—x+——=0=>x=
2 2 4 2 4
or
M1
2 8 64 , 800 2500
m=——,c=—=>—XxX — X+ =0=>x=..
3 3 9 9 9
Uses one of their m and ¢ pairs and solves for x
x——é ——§0r)c—2 __3 One correct point Al
R ) P
25 8 25 3
x=———,y=——andx=—,y=—— | Both correct points Al
3 3 2
(&)
Total 12
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estion
IQ\Illl,lmb er Scheme Notes Marks
6(a) 1 -1 1
A=l1 1 1
I 2 a
A|=a-2+a-1+2-1(=2a-2) Correct determinant in any form Bl
1 -1 1 a=-2 a-1 1 a-2 l-a 1
1 1 1|->|-a-2 a-1 3|->|a+2 a-1 -3
1 2 a -2 0 2 -2 0 2 MI
Applies the correct method to reach at least a matrix of cofactors
2 correct rows or 2 correct columns needed
a-2 l-a 1 a=-2 a+2 =2
+2 a-1 -3 1- -1 0
a a - a a Al
-2 0 2 1 -3 2
Correct transpose of cofactors
a=-2 a+2 =2
O 1 .
= l-a a-1 0 Correct inverse Al
2a-2
1 -3 2
)
(b) 2 6 -2
d—4—=A'=2|_3 3 0 Corrfect inverse (follow through their Blfi
matrix from (a))
1 -3 2
2 6 -2)\12-64
_ 1 3 3 ol 4521 |= Attempt to myltiply the parametric form M1
6 of > by their inverse
1 -3 2 )\ 6+34
6-1
=| —4+41 Correct parametric form Al
2-4
6 -1
_ Correct equation (allow equivalent
=4 |+A| 4 e
' 5 . forms) but if given as / = ... award A0 Al
“
Total 8

Page 8 of 152




EP3 2020 10 MS
Alternatives for (b) - -
(@ 2 6 -
g=4— A = 1 3 3 Corrf:ct inverse (follow through their Blfi
6 | ; matrix from (a))
2 6 —-2)\(12 36
1 -3 3 01 4 |= 1 —24
6 6 Attempt A”!(point on ) M1
- 2)L6 12 and A'(direction of )
2 6 -2)—-6 -6
l 3 3 oll 2 1= l 24 Both correct (NB No ft) Al
6 6
1 -3 2 —6
6 -1
Correct equation (allow equivalent
=|4|+4| 4 e
r 5 | forms) but if given as / = ... award A0 Al
“
(i) 2 -2
d=4— A = 1 3 0 Corrf:ct inverse (follow through their Blfi
6 | matrix from (a))
2 6 —-2)\(12 36
% -3 3 01 4 |= % —24
1 -3 2l 6 12 Attempt A”'(point on /) for 2 points M1
1 2 —2)(6 1 30 Both correct (NB No ft) Al
- -3 06[{==|0
6 6
1 - 2 \9 6
6 -1 Obtain the direction vector and deduce
r=-4|+1| 4 correct equation (allow equivalent Al
2 —1 forms) but if given as / = ... award A0
“
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Question - -
Number Scheme Notes Marks
7 x=cosh¢+¢, y=coshr—¢
a dx . d .
(@) — =sinhz+1, Y sinhr—1 Correct derivatives Bl
dr dt
de)  (dyY
L &) —sinh? ¢+ 2sinh £ +1+sinh? £ —2sinhz+1
dt dr M1
=2sinh’ ¢+ 2
M1: Squares correctly, cancels and collects terms
—9(1+sinh?7) = 2 cosh? ¢ * Uses cosh”¢ =1+sinh?¢ to %
( sm ) €08 complete the proof with no errors Al
(&)
(b) - —
S = 2ﬂjyds = 2ﬂI(COSh t— t)\/i coshzdt Uses S 2ﬂjydsw1th the given Ml
y and the result from part (a)
In3
= 2\/57[!0 (cosh2 t—tcosh t)dt * Correct proof with no errors Al*
2
©) Icoshzt dr = Ii%i%cosb 2t dt Uses cosh®t = i%i%cosh 2t | Ml
Attempts integration by parts the M1
Jt coshzdf =t¢sinhz - I sinh 7 d¢ right way round on #cosh ¢
Correct expression Al
1 1. .
S= (2\/571)'[ (cosh2 t—tcosh t)dt = (Zﬁﬂ)[—t +—sinh 2¢ —tsinh ¢+ cosht}
2 4 AlAl
Al: 2 correct terms
Al: All correct
1 10 4 5
§=)2\274| =In3+—— ZIn3+= | (1
dM1: Correct use of limits 0 and In3 depends on both preceding M marks
1
S=;/§z(32—151n3) cao Al ()
Total 12
Alternative for (c¢)
t —t 2
J-cosh2tdt=J- ¢ re ds ) )
2 Substitutes the exponential form
M1
1 and attempts to square
=— (eZ’ +2+e_2’)dt
4
It coshzdr = l J‘ ¢ (e’ +e ! ) dr Substitutes the exponential form M1
2 and attempts integration by parts
1, 1 ; 1 ., 1 the right way round
:Ete _Ej-te dt—{gte _EJ.e ds Correct expression Al
(S =)(2\/§7r) l(lez’ FOYLIC] S PRI UL PIC e
4\ 2 2 2 2 2 2 AlAL
ATl: either integral correct Al: other integral correct but both must be in a complete
expression for §
Depends on both M marks above Correct use of limits 0 and In3 dM1
1
5:5\/5;:(32—151n3) cao Al
Page 100f 152
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Alternative for the first 3 marks of (¢) B -

= 2\/574 (cosh2 t—tcosh t) dt

= 2\/§7zI cosh?(cosht—7)ds
2x/§7r([sinh t(coshz— t)} —I sinh7(sinhz—1)ds

. . 2
oNoY ([smh t(cosht— t)] - [cosh t(sinh¢— 1)] + J- cosh tdt) MIAT
M1 (2" on e-PEN): Use parts twice Al Correct expression
1 1
.[cosh2t dr = J-il + lcosh 2t dt Uses cosh?¢ =+—+—cosh 2¢ M1 (Iston
272 22 ¢-PEN)

Rest as main scheme
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estion
I(\Qlﬁmb or Scheme Notes Marks
8(a) 1 3 -10+6
n=l_51lx| -2 =] ( 9_ 9) Attempt vector product between M1
normal vectors
3 2 —-2+15
—4
= 7 Correct vector Al
13
x=0=-5y+3z=11, —2y+2z=7
1 13
== T4t T4 Correct strategy to find a pointon/ | M1
or
y=0=x+3z=11, 3x+2z=7
1 26
> Xx=——,z=—
7 7
or Correct position vector of pointon/ | Al
z=0=>x-5y=11L3x-2y=7
=>x=1Ly=-2
Correct equation.
r=i-2j+1 (—4i +7j+ 13k) (follow through their position and Alft
direction vectors but must be “r ="
()
ALT x=11+5y-3z
3x—2y+2z=7T=3(11+5y—-3z)-2y+2z=7
Sy TR 20 (L) M1
13 13 7
Eliminate one variable
collses( 20,72 _13-13x Obtain 2 correct expressions for one | , |
13 13 4 of the variables
x—1 _rt 2_ M1 Obtain a Cartesian equation for /
4 7 M1Al
13 13 A1 Correct equation
4 7 Deduce a vector equation for /
r :(i—2j)+l(—gi+5j+k] oe Follow through their Cartesian Alft
equation
()
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(b) 3) (2 1 B -
2110 (=] 2 Correct vector joining P to Q Bl
1 3 -2
-4 1 —40 Attempt vector product between the M1
direction of / and their i + 2j — 2k
Tix| 2|=| 5
13) | =2 -15 Correct vector Al
) |-40i +5j—15K]| Anole b PO and i
sin@ =
|—4i+7j+13k||i+2j—2k| ngle between PQ and line n
= |P—Q| sin @
|-40i +5j—15K| R o the d
= = +5 + Fully correct method for the distance | M1
4i+7j+13K 234 Y
Cao Allow equivalent exact forms
_ V48l ,_SVT4 Al
e.g d=—7—
39 R
(6]
ALT 1 4
2 7 3 7
Vector equation for either line
=10|+4| 1 =2 [+ul 1
o oy H with their direction vector from (a) Blft
3 13 1 13
4 4 . -
3——u ~l+=u Uses either P and the parametric
. 2 o T 7 form of a point on n
OP=/0| ON=| 2+u |NP=| -2-u OR Q and the parametric form of a
| 13 5 13 point on m
+ _— _—
7 a 7 a
1 4
B +7'” g M1: Forms scalar product of vector
2y 1 l=0 NP and direction vector of / and MIAT
equates to zero
o) 3 L 13 Al: Correct vectors
7 7
56
Solves MIl
117 17
g 290’ T 5481
—a= 117 117 ~ 39 | Obtains the correct distance Al
(6]
Alternative for M1A1IM1
— ’ 4 Y 13 Y 56
NP=| 2—u |=d= (—1+7yJ +(-2-u) +(2—7yj = d is min when = p1=—=
13
22
7 H

M1: Find d in terms of a parameter
Al: correct expression

M1: use calculus (or simplify and complete the square) to find the parameter corresponding to the min d
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ALT 2 Correct vector PQ - B1—
1)(-4 1|4
Forms the scalar product and
2 11 7 (=27 12
cos attempts to evaluate the LHS Ml
-2 /113 2|13
-16 C cosd
cos@ = orrect value for exact or Al
3234 decimal
J=1POlsing =3 16 Y B 5«/7_4 M1: Correct method for the distance. MIAT
- | Q| SINE=4 17 3234 ) 234 Al: Correct EXACT distance
Q)]
Total 10
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Question - T
Number Scheme Notes Marks
1(a) 4 —1 3
+AB=+| -4 |,+BC=+| 5|, +AC==+| 1
M1
-1 2 1
Attempts any 2 of these vectors. Allow these to be written as coordinates.
4 3 -3 Attempts the vector product of 2
Eg ABxAC=| -4 |x| 1]|=|-7 appropriate vectors. If no working is dM1
shown, look for at least 2 correct
-1 1 16
elements.
Correct exact area. Allow recovery from
Area — 1 3272 1 16° = l\/ﬂ sign errors in the vector product e.g. Al
2 2 allow following a vector product of
+3i+ 7j £ 16k
1 . . .
Note that a correct exact area of 5 \/314 with no evidence of any incorrect work
scores full marks
| 3)
Alternative 1 using cosine rule:
4 -1 3
+AB=+| -4 |, +BC=%| 5|, +AC=+| 1
M1
-1 2 1
Attempts any 2 of these vectors
[+ 4B| =4 + 4 + 1, [£BC = 1" +5° 427, |£4C| =3 + 1" +1°
cos 4 33+11-30 73 or cos g2 30+33 11 _ 1342 or cos (301133 V8
23311 33 24/30~/33 355 230411 165
(For reference A =68.44...°, B=34.27...°, C=177.27...°)
Attempts the magnitude of all 3 sides and attempts the cosine of one of the angles
using a correctly applied cosine rule dM1
or e.g.
ABAC 12—4-1
cos A= =
V3311 3341
Finds the magnitude of 2 sides and the cosine of the included angle using a correctly
applied scalar product
1 1 Correct exact area. Allow recovery from
Area = > V114/33sin 4 = > V314 | sign errors in the vectors that do not
or affect the calculations e.g. allow
| ! +AB = +4i+4j£Kk,
Area = —+/30~/33sin B=—+/314 —
e 2 S 2 +*BC=+it5jt2k, Al
X or . +4C =43+ j+k
Area = > V30+/11sinC = > V314 And allow work in decimals as long as a
correct exact area is found.
3)
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Alternative 2 using scalar product:

SRS

4 -1 3
+AB=+|-4|, +BC=+| 5|, +4C=+| 1
M1
-1 2 1
Attempts any 2 of these vectors
— ———\2
Ato BCis, | 4B? —| AB-BC =Jﬁ
BC 15
or
—_ ——\2
. 2 [ BCC4) _ (314
BtoCAls\/BC 7 V1T dM1
or
— ———\2
CtoBdis,|ac? —| AC4B | _ 314
AB 33
Attempts one of the altitudes of triangle 4BC using a correct method
Area = /30 /ﬁ _ 1 314
2 15 2
or
1 — /3 14 1 5 Correct exact area. Allow work in decimals as
Area = B 1 11 2 314 long as a correct exact area is found. Al
or
1 314 1
Area = —A/33 /— ——J314
2 33 2
Q)
Alternative 3 using vector products:
0 0 -3
axb=| 4 |,bxc=|-8|, cxa=|-3
M1
—16 20 12
Attempts these vector products
-3
axb+bxec+exa=| -7
dM1
16
Adds the appropriate vector products
Area = 13+ 771162 = L J314 Correct exact area. Allow w'ork in decimals as Al
2 2 long as a correct exact area is found.
3)
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Question
Number

Marks

(b)

2 ) -1
+AD=+| -2 |,+BD=+| 2| +CD=+| -3
k-1 k k-2

Attempts one of these vectors

Ml

-3 2
E.g. ABxAC.AD=| -7 |e| -2 |=—6+14+16k—16
16) (k-1

-3\ (-2
E.g. ABxAC.BD=|—7 |e| 2|=6-14+16k
16 k
-3 -1
E.g. ABxACCD=|-7 |e| -3 |=3+21+16k—32
16 ) \ k=2

Attempts a suitable triple product to obtain a scalar quantity (% not required here).

They must be forming the triple product correctly e.g. not the magnitude of a vector.

Do not be too concerned if they make slips as long as appropriate vectors are being
used and a scalar quantity 1s obtained.
Must be an attempt at the tetrahedron ABCD.

dM1

Correct volume. Must see modulus and
must be 2 terms but allow equivalents

Volume:l|8k—4| e.g.f|2k—1,1|16k—8,l|8—16k|
3 3 6 6

Award once a correct answer is seen and
apply isw if necessary.

Al

3

Total 6
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Question - -
Number Scheme Notes Marks
2(2) » =In(tanh2x)= y__1 x2sech’ 2x
dx tanh2x
or
.d dy 2sech’2x
y=In(tanh2x)= ¢’ =tanh2x = ¢’ Y o osech?oy = X2 A
dx  tanh2x
M1: Applies the chain rule or eliminates the “In” and differentiates implicitly to MIAI
2
obtain to obtain Y_ Ksech” 2x
tanh 2x
Al: Correct derivative in any form
Note that some candidates now convert to exponential form to complete this
part — see below in the alternative for scoring the final M1A1
rts to sinh2 h2 tl
 2cosh2x ) ! ) 5 Converts to sinh2x and cosh2x correctly .
sinh2x ~ cosh?2x sinh2xcosh2x | to obtain —
sinh 2x cosh 2x
Correct answer. Note that this is not a
b given answer so you can allow if e.g. a
=T =4cosech4x sinh becomes a sin but is then recovered | Al
2 sinh 4x . . .
but if there are any obvious errors this
mark should be withheld.
Q)]
Alternative using exponentials:
er o ef2x
=In(tanh2x)=In| —
=t )= n[ 5
dy ezx n e_zx (e2x + e—2x )(262x + 2e—2x ) _ (e2x _ e—2x )(zer _ 2e—2x)
o x 2
dx e —e (e2x+e—2x)
or
e2x _ e—Zx 5 5 ) ) MlAl
=In(tanh2x)=In| ————— |=In(e™ —e " )=In(e™ +e
y ( ) (62): + e—2x ] ( ) ( )
dy 2™ +2e 2e*-2e
d.x er _e—2x e2x + e—2x
M1: Writes tanh2x correctly in terms of exponentials and applies the chain rule and
quotient rule or uses the subtraction law of logs and applies the chain rule
Al: Correct derivative in any form
v —X 2 X —zX 2
Z(ez*+e2 ) —2(62'—6:2 ) i
- yr— ==, Obtains —— Ml
e —e e —e e —e
Correct answer. Note that this is not a
given answer so you can allow if e.g. a
=— =4cosech4x sinh becomes a sin but is then recovered | Al
sinh 4x but if there are any obvious errors this
mark should be withheld.
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(b) 4oosech4x =1=> sinh 4x = 4= 4x = In(4-+V4 +1)
Way 1 M1
Changes to sinh 4x =... and uses the correct logarithmic form of arsinh to reach 4x = ...
| G This value only.
x=—In(4++17 1 Al
4 ( ) Allow e.g. x:ln(4+\/ﬁ)4
2)
(b) _ 2 _ 8x 4x _
Way 2 4cosech4x—1:>4xm—1:>e -8 -1=0
Changes to the correct exponential form to reach —————, obtains a 3TQ in e*, solves and | M1
e —e
takes In’s to reach 4x = ...
(usual rules for solving a 3TQ do not apply as long as the above conditions are met)
1 G This value only.
x=—In(4++17 1 Al
4 ( ) Allow e.g. len(4+\/ﬁ)4
2)
Total 6
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Question
Number

Scheme Notes

3(a)

A=

Ll \O I S
SR SRS

2
k
2

|A|=2(4-2k)-k(4-k)+2(4-2)=0

= k>-8k+12=0=k=...
Attempts det A = 0 and solves 3TQ to obtain 2 values for k&
Note that the usual rules for solving a 3TQ do not need to be applied as long as 2
values for k are obtained.
The attempt at the determinant should be a correct expression for their row or

column so allow errors only when collecting terms
Note that the rule of Sarrus gives 8 + K> +8 —4 —4k—4k=0

Ml

k=2, 6 Correct values.

Al

Marks for part (a) can only be scored in their attempt at (a) and not recovered
from part (b)

2)

(b)

2 k2 4-2k 4—-k 2 4-2k k-4 2
2 2 k|—>|2k-4 2 4-k |—>|4-2k 2 k-4
1 2 2 k*—4 2k-4 4-2k kK*—4  4-2k 4-2k
Applies the correct method to reach at least a matrix of cofactors
+ - 4+
Should be an attempt at the minors followed by | — + —
+ - 4+

If there is any doubt then look for at least 6 correct cofactors

M1

4-2k k-4 2 4-2k 4-2k k*-4
4-2k 2 k-4 |>| k-4 2 4-2k
kK*—4 4-2k 4-2k 2 k—4 4-2k

dM1: Attempts adjoint matrix by transposing. Dependent on previous mark.
Al: Correct adjoint

dMI Al

4-2k 4-2k k*—4

A"=2; k—4 2 4-2k
k*—8k+12

2 k-4  4-2k

Fully correct inverse or follow through their incorrect determinant from part (a)
where their determinant is a function of k

Alft

Ignore any labelling of the matrices and allow any type of brackets around the
matrices

@

Total 6
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Question - -
Number Scheme Notes Marks
4 x=4cosh9:£=4sinh¢9
do
Dj%d’c:"‘ 4sinh 4o
(x*-16) (16cosh’ 016
Full attempt to use the given substitution. M1
1 sinh &
Award for j — dx:kJ. - do
(x*-16) ((4coshe)’ 16}
Condone 4cosh” 6 for (4 cosh 6?)2
:J. 4sinh 6 : dG:J. 6151'1:&11:90 40
(16sinh2 49)E St
3
Simplifies (16 cosh? @ -1 6)2 to the form ksinh®6 which may be implied by: M1
1 1
J.—3 dxzkj 'nhzé?de
(x*-16) o
Note that this is not dependent on the first M
16sinh~ @
Fully correct simplified integral. Al
Allow equivalents e.g. L cosech’d do, ;2 dé, (4 sinh 49)72 dé etc.
16 (4sinh )
May be implied by subsequent work.
| L do=L | cosech’odo- —Lcoth9(+c)
16sinh’ @ 16 16 dM1
Integrates to obtain kcothd. Depends on both previous method marks.
* *
=—iCOSh€+c=—L 4 icoreg —1L+c
16 sinh @ 16 [y . 4 x*-16
16
. . . x .
Substitutes back correctly for x by replacing cosh 6 with Z or equivalent e.g. M1
2
X
4cosh 0 with x and sinh 6 with (Zj —1 or equivalent e.g. 4sinh 6 with VX' -16
Depends on all previous method marks and must be fully correct work for their
n 1 "
16
—x ( ) ~ Ly ( ) Correct answer. Award once the correct
————=(1C) oe e.g. ——=|(+¢C answer is seen and apply isw if necessary. | Al
16vx" ~16 Vx’ 16 Condone the omission of “+ ¢”
Note that you can condone the omission of the “df” throughout
N | (6)
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Question

Number Scheme Notes Marks
Mark (a) and (b) together but do not credit work for (a) that is seen in (¢)

S(a) 6 -2 -—1\(x 8x -2 2 -1)\(x 0 X
-2 6 -—1l|y|=|8ylor|2 =2 —=1|y|=0|=y]|=.. M1

-1 -1 5)\z 8z -1 -1 =3){z 0 z

Correct method for obtaining the eigenvector
i—j Any multiple of this vector Al
2)
(b) 6-1 -2 -1
M-Alj=| 2 6-24 -1
-1 -1 5-4

= (6-2)(6-2)(5-2)-1)+2(2(2-5)-1) =1(2+6-1)

- e —_— M1
Correct attempt at the determinant of M — Al . The terms with single underlining
should be correct with correct signs but allow minor slips in the brackets with
double underlining.
Note that the rule of Sarrus gives

(6-2)(6-2)(5-2)-2-2~(6-2)~(6-2)~4(5-2)

21722 4904 144 =0= A=... | soves M=AT=0to obtain 2 different 1,
distinct real eigenvalues excluding 8
= 1=3,6,(8) For3 and 6 Al
3)
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%‘;isltl:::_l Scheme Notes Marks
() 2 0 0 Correct D with distinct non-zero
eigenvalues in any order. Follow through
(D=)0 3 0 their non-zero 3 and 6. Ignore labelling | B1ft
0 0 6 and score for sight of the correct or
correct ft matrix.
6 2 -—1\«x 3x X 1
-2 6 -l{|y|=|3y|=|y|=- NBv,=k|1
-1 -1 5)\z 3z z 1
and
6 -2 -1)\«x 6x X 1 M1
-2 6 -l|y|=|6y|=|y|=.. NBv,=k| 1
-1 -1 5)\z 6z z -2

Attempts eigenvectors for their other 2 distinct eigenvalues not including 8
May use e.g. (M—AI)x=0

P
e & *
0 L _=2
B M1
Forms a complete P from normalised eigenvectors using their eigenvector from
part (a) and their other 2 eigenvectors formed from their other 2 different distinct
eigenvalues in any order. Ignore labelling and score for forming this matrix which
may be seen as part of a calculation.
50 0 A
D=0 3 OandP:—f % %
0 0 6 0 L _2 Al
NN
All fully correct and consistent and correctly labelled but the labelling may be
implied by their working.
“
Total 9
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Question
Number Scheme Notes Marks
6(a) j J‘ 1 X" J‘ 1
dx= | x" x+3 2dx or dx= | x"'d(x*+3)?
Way 1 Vx?+3 ) Jx*+3 ( ) Mi
Applies x" = x"" ! xx to J- \/7 dx but may be implied by subsequent work
X" +3
1
jx (x +3) 2dx x" l(x +3) J‘(n—l)x”_z(xz+3)2dx
dM1: Applies integration by parts to obtain
1 1
n—1 2 9 n—2 2 P
ax" (x +3)P =4 X" (x +3)*dx
(3 =)
(NB a, f may be functions of n)
Note that if a correct formula for parts is quoted first and parts is applied in the
correct direction then we can condone slips in signs as long as the expression is of
the above form. If you are unsure — send to review.
Al: Correct expression
1 1
=x"" (x2 +3)2 —j(n ~1)x"? (x2 +3)(x2 +3) 2 dx
1 Bl Ml
Applies (x2 + 3)2 = (x2 +3)(x2 + 3) > having made an attempt at integration by
parts in the correct direction
1 1 1
=x"" (x2 +3)2 —(n—l)J'x” (x2 +3) 2 dx—3(n—1)J‘x"_2 (x2 +3) 2 dx
1
=x"" (x2+3)2 —(14—1)1,1—3(;7—1)1,172 dMI
Splits into 2 integrals involving /, and /n-
Depends on all the previous method marks
n—1 1
X = 3(n-1
=1, ="—(x"+3) —uln_z *
n n .
Obtains the printed answer. You can condone the odd missing “dx” but if there are Al
any clear errors e.g. invisible brackets that are not recovered, sign errors etc. then
this mark should be withheld.
(6
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Question
Number

Scheme Notes

Marks

6(a)
Way 2

I X dx = .x"_zxz (x2 +3); dx

\]x2+3 o

Applies X" = x"? x x?

Ml

jx”zxz (x2 +3)_; de= | x"2 (x2 +3—3)(x2 +3)_; dx

= jx”z (xz + 3);dx —J.3x”2 (xz + 3)_;dx

dM1: Writes x* as (x2 +3 —3) to obtain aJ‘x”z (x2 + S)de—ﬂ-.‘x”z (x2 +3)_;dx

Al: Correct expression

dMI1A1

J' v (2 3= (2 a3 ()
1

Applies integration by parts on jx"’z (xz + 3)5dx to obtain

ax"! (x2 +3); —ﬂjx" (x2 +3);dx

Note that if a correct formula for parts is quoted first and parts is applied in the
correct direction then we can condone slips in signs as long as the expression is of
the above form. If you are unsure — send to review.

M1

n—1 1
X 2 5 1
[ =——(x"+3)?—1 -31
n n— 1 ( ) n— 1 n n-2
Brings all together and introduces 7, and 72
Depends on all the previous method marks

dM1

n—1 1
=1 = x—(x2 +3)2 —Mln_2 B
n n
Obtains the printed answer. You can condone the odd missing “dx” but if there are
any clear errors e.g. invisible brackets that are not recovered, sign errors etc. then
this mark should be withheld.

Al*
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Question
Number Scheme Notes Marks
(b) o, 12
Way 1 Ii=—(x"+3)-—1I
Y G Mi
Applies the reduction formula once to obtain /s in terms of /3
Allow slips on coefficients only
4 1 2 1
X ) - 12( x 5 =~ 6
15 = ?(x +3)2 —?[?(X +3)2 —511]
Applies the reduction formula again to obtain an expression for /s in terms of /1 and MI
allow “I1*“or what they think is /1
Allow slips on coefficients only
E.g.
4 1 2 1 1
X 5 = 12 x ) - 6/, =
=X 43) _?(?(x c3p -8 +3)2J
Ore.g. Al
x* L4 T4 !
I = —( ? +3)2 ——x (x2 -|—3)2 +—()c2 +3)2
5 5 5
Any correct expression in terms of x only
1., % 4 2
Is—g(x +3) (x*—4x+24) +k Al
Must include the “+ & but allow other letter e.g. + ¢
Q)]
Total 10
b 1
“ggz NB [, =(x* +3)
2 I
X 5> 6
L="(x*+3) -1,
3 3
Applies the reduction formula once to obtain /3 in terms of /1 and allow “/1” or what M1
they think is /i
Allow slips on coefficients only
4 1 2 1
_ X 2 Y 12 X 2 >
@-—7;(x +3)2—7;[7;(x +3)2—2Lj
Applies the reduction formula again to obtain an expression for /s in terms of /1 and Ml
allow “I1” or what they think is /1
Allow slips on coefficients only
E.g.
4 1 2 1 1
_ X 2 5 12( x 2 - 6 5 —
=5 () _?[?(x 3P -S(s +3)zj
Ore.g. Al
x* 4 124 !
I =?(x2 -|-3)2 —gxz (x2 +3)2 +?(x2 -1-3)2
Any correct expression in terms of x only
Lo ag(os 2
_ - 2 (4 _
15—5(x £3) (x*—4x +24) +k Al

Must include the “+ & but allow other letter e. g. +c
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Question
Number

Scheme Notes

Marks

(b)
Way 3

I :%4()8 +3); —%13

Applies the reduction formula once to obtain /s in terms of /3
Allow slips on coefficients only

Ml

3

_13)2 _ 3 1

x2+33]3: (“ 13)2 & 1:lf(u 13)du:lu2—6u2
i 20u-3) 2 3

1/l2

1 3 1
Aty ety

L= (3 -2 L 3) —6(x213)

s—?(’C*)—gg(x*)— (x*+3)

M1: A credible attempt to find /3 and then expresses /s in terms of x
Al: Any correct expression in terms of x only

MI1A1

I, :%(f +3); (x*—4x*+24)+k

Must include the “+ &” but allow other letter e. g. +c

Al
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Question - -
Number Scheme Notes Marks
7(a) 5i+3j—8k and 2i —3j— 6k liein I/1 | Identifies 2 correct vectors lying in //1 | Bl
5 2 -18-24
n=| 3|x|-3|=|-(-30+16)
-8 -6 -15-6
Attempts the vector product between 2 correct vectors in /11
If no working is shown, look for at least 2 correct elements. Mi
Ore.g.
Let n = ai + bj + ck then
(ai+bj+ck)e(5i+3j—8k)=0, (ai+bj+ck)s(2i—3j—6k)=0
=5a+3b-8c=0,2a-3b-6c=0=a=2c,3b=-2c=n=...
—42 6
=| 14 |oreg. | —2 Correct normal vector Al
21 3
(6i—2j+3k)-(i +2j+k) =...
Attempts scalar product between their normal vector and position vector of a point
in IT1. Do not allow this mark if the “5” (or equivalent) just ‘appears’. There must | qp
be some evidence for its origin e.g. a.n = ... where a and n have been defined
earlier.
Depends on the first method mark.
6x—2y+3z=5%* Correct proof Al*
)
Alternative 1 for (a):
E.g. Let equation of Il1 be ax + by +z=c¢ B1
3 points on [1y are (1, 2, 1), (3, -1, -5) and e.g. (8, 2, —13)
a+2b+1=c, 3a-b-5=¢,8a+2b-13=c = a=..b=...,c=... M1
Solves simultaneously for a, b and c using correct points
2 5
:>a:2,b:—§,C=§ Correct values Al
2 5 . .
2x — 3 y+z= 3 Forms Cartesian equation dM1
6x—2y+3z=5%* Correct proof Al*
Alternative 2 for (a):
(1,2,1) —>6x—2y+3z=6—4+3=5
B1
Shows (1, 2, 1) lies on 1
) 3 5
x—3=y+ =Z+5—)r= —1 |+ A| 3 | orequivalent
5 3 —8
=5 —8 MIAI
MI1: Converts / to correct parametric form seen as part of an attempt at this alternative
allow 1 slip with one of the elements
Al: Correct form
b ~d £ 154 6(3+52)—2(—1+3/1)+3(—5—8/1)=5 dM1
rage <o OT 1o




i)

Shows / lies in 111

Pliesin Il1 and /liesin IT1so 6x -2y +3z=5%*

All correct with conclusion

AT*

(b)
Way 1

Correct method for the shortest

g 6(2)—2k+3(-7)—5|
- distance

V6% +27 +3

Ml

= % -2k -14]= %Vf +7]* Correct completion

Al*

2

(b)
Way 2

Distance O to I1i is ;
\6? +2% + 32

(61-2j+3K)e(2i+kji-7K) 92k
V6> +22 +32 7

Distance O to parallel plane containing Q is

5 -9-2k
7 7
Correct method for the shortest distance

d—‘S

Ml

= %|2k +14|= %VC +7]* Correct completion

Al*

(b)
Way 3

(i+(k—2)j—8Kk)s(—42i+14j—21k)
V422 +14% + 212
Correct method for the shortest distance

PGen
]

d:‘

Ml

[ 4214k 28 +168]_[14k+98] 2,
- 49 | | 49 | 7

Correct completion

Al*

(c)

[3(2)—4k-7+3]

NSRS

Correctly attempts the distance between (2, k, —7) and 11> and sets equal to the result

from (a). May see alternative methods here for the distance between (2, k, —7) and

11> e.g. finds the coordinates of a point on /12 e.g. R(1, 1, —7) and then finds

(i+(k—=1)j)«(8i—4j+k)| ‘8—4k+4‘ B ‘12—41(‘
V8 447 412 o9 ]9

z|k+7|
7

RO~(8i—4j+Kk)
|8i—4j+K|

Ml

2 1 2 1
—(k+7)="=(12—-4k)"=k=... O —(k+7)="—(4k-12)"=>k=...

Attempts to solve one of these equations where their distance from Q to /12 is of the

form ak + b where a and b are non-zero.
or

2 1 4 2 1 2
—(k+7)="—=(12—-4k)"= —(k+7) ="—(12—-4k)"
2 (ke 7) =2 (124t = L 7y = L1240

= 23k> —462k -441=0=k =...
Squares both sides and attempts to solve resulting quadratic.
Condone poor attempts at squaring the brackets and there is no requirement to
follow the usual guidance for solving the quadratic

dM1

One correct value. Must be 21 but
allow equivalent exact fractions for
2l

23

k:—2 or k=21
23

Al
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Both correct values. Must be 2T'but |~
21 11 ivalent t fractions fi
k=—2' and k=21 a (2)1)&/ equivalent exact fractions for Al
23 —— and no other values.
23
4
Total 11
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uestion — e
%umb er Scheme Notes Marks
d -2 L
8(a) ay =1 ;2 Correct derivative Bl
2 2
1+(d_yj =1+ 4’ _(l_xz) +4x° x'=2x7 +1+4x° . xt+2x7 +1
> =
(1=x) (=#) (1= (1=
FRY M1
Attempts 1+ (Eyj , finds common denominator and shows working in the
numerator condoning sign slips only. (The denominator may be expanded)
(1 452 )2 1452 ) Fully correct expression with
=—27= Or (—zj factorised numerator and Al
(1-%°) - denominator.
Fully correct proof with no errors and
integral as printed on the question
3 3 paper but allow x>+ 1 for 1 + x? and
! dyY 1427 allow
1+(—yj dx = [ 2jdx* ! . Al*
! dr = H1+x7) e
2 2 dx or T d
o (1=x7) ) 1=
2 2
Q)]
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Question
Number

Scheme Notes

Marks

(b)

(x2+1)_ 2 1 1
(l—xz) __1+1—x2 ore.g. _1+E+E

Writes the improper fraction correctly

B1

1—x? 1—x

Or e.g.

Ilkadxziahml+x)iahﬂl—x)
—Xx

j k dx=ialn1+—x

Achieves an acceptable logarithmic form for I dx (k constant) (may see

1—x?

partial fraction approach). If they use artanh here, this mark and the next mark will
become available when they change to logarithmic form e.g. when they substitute
the limits later.

M1

2

2 1+ . .
J—l + dx = —x+In—> Correct integration
1—x 1—x

Al

3 Evidence that the given limits have been
[ 1+X}4 3 (_l In 3j applied. Condone slips as long as the

1 intention is clear.
> Depends on the previous M.

dM1

———+In<
4 cao

Al

3)

Note that a common incorrect approach is:

(1+x7) (1 @ 1 1+x
7y = ( + jdX=—ln—+
(l—x ) J I-x* 1-x 2 1-x

1-x°

2
If there is no attempt at J‘ ( al ] dx this will generally score BOM1AOMOAO

BUT

2
If there is an attempt at j(l al 5 ] dx (however poor) and evidence that the limits
—X

have been applied this will generally score BOM1AOM1A0. Condone slips with the
substitution of limits as long as the intention is clear.

: : . 1+x> 4 B
BUT note that attempts that consider partial fractions such as x2 = +
I-x* 1-x 1+x

will generally score no marks — if you are unsure, send to review.

l+x* 4 B
Note also that hl x2 = + + C 1is a correct form and could score full marks.
1-x 1-x 1+x

1+x° 1—x2 +2x2 252
( ): e P > with no attempt to deal with the

(l—xz) 1—x* 1-x

Also, use of

2
X . . . . o
as an improper fraction as in the main scheme is likely to score no marks.

2
— X

o ‘

Total 9
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Alternative approach to integration in part (b) by substitution:

(b)

J'(lerz) j(1+tanh29) ,
x=tanh 0 = dx = —— = sech*#d@

(l—xz) (l—tanh2 9) Bl
Substitutes fully
(1 +tanh® «9) , 5
+————~sech’0d0= | (I+tanh’ @) do
(l—tanh 9)
M1
= | (2-sech®6)do
Cancel and applies tanh® @ =1—sech’ 6
= I (2 —sech’ 9) df =26 —tanh @ Correct integration Al
\ 1+ 3 3 1 1+ 1 1
[Zartanhx—x]f =2x—In| —3 |-2 | 2x~In| —2 |- =
g 3] 4 L2
4 2 dM1
Evidence that the given limits have been applied. Condone slips as long as the
intention is clear.
Depends on the previous M.
1 7
=——+In— Al
7 Fing cao

(O]

2
Note that a similar approach can be applied to J‘(l a > ] dx
-X
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Question - o
Number Scheme Notes Marks
9 52 2
* Y, (5cos6,4sin0)
25 16
(@) ﬂ:—SSiné?, d—y:4cos¢9
deo do
or
2x 2ydy e Correct derivatives or correct implicit
25 16 dx differentiation or correct explicit B1
or differentiation.
1
2\ 2
Y = A -2 | oe
dx 25 25
dy _ 4cosf Divides their derivatives correctly or M1
dx —5sin@ substitutes and rearranges
55in @ Correct perpendicular gradient rule —
N= may be implied when they form the MIl
4cos® normal equation.
55in @ Correct straight line method (any
y—4sinf = (x —5cos 49) complete method). Must use their MIl
4cos 0 gradient of the normal.
Achieves the printed answer with no
S5xsin@—4ycos@ =9sin @ cos@* | errors and allow this answer to be
or obtained from the previous line. Allow Al*
9sinfcos@ =5xsinfd —4ycos@* 5sin@xfor Sxsin @ and 4cosfy for
4ycosé.
Allow all marks if the gradient is seen as a function of x and y initially (even in the
straight line equation) as long as this is recovered correctly.
Solutions that do not use calculus e.g. just quoting the equation of the normal
. 5sin @
as y—4sinf = 2 St p (x —5cos 9) send to review however if they just quote
cos
e.g. axsin@—bysin O = (a2 —b’ ) sin & cos & and then write down the given
result this scores no marks.
dy 4cosé .
But we would accept — = ——— to be quoted for a full solution.
dx —5siné
(6))
b 3
®) b =a’(1-¢’)=16=25(1-¢")=e==
5
. 3
Fis (ae, 0)= 5><§,0 Ml
Oreg. "¢ =a¢ =a’-b>=25-16=>a’e" =9 =ae=...
Fully correct strategy for F' (must be numerical so (5e, 0) is M0
(3. 0) Correct coordinates. (£3, 0) scores Al
A0
2
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(c)

9 .
x= gcosﬁ Correct x coordinate (of Q)

B1

PF? = ( 5cos @ —"3")2 + (4 sin 6’)2 Correct application of Pythagoras to

or find PF or PF”. Their “3” should be

> 5 positive but allow work in terms of e
PF =\/(5c056’—"3") +(4sin 49) e.g. “Se”.

M1

Applies sin® @ =1—cos” @ to obtain a
5 . quadratic expression incos @ . If the
=25c0s” 0=30cosO+9+16sin" 6 | correct identity is not seen explicitly
=25c0s’#—-30cos@+9+16 (1 —cos’ 6’) then their working must imply that a
correct identity has been used.
Depends on the previous M.

dM1

PF =+(5-3cos0) Correct expression for PF or PF?in
PF? =9¢cos?> 0 —30cos @+ 25 terms of cos & with terms collected.

Al

Note that an alternative to using Pythagoras to find PF is to use PF' = ePM where M
is the foot of the perpendicular from P to the positive directrix.

2
Score M1 for x:ﬂzéizgj (not i?s)
e A 3
3(25

and dM1AL1 for pFr = ePM :;(;—50059)

9 3 3
7 31 1-=cosé -
|QF| 3 Scosé? ( 5 j 3 1—-=cosf@ .
— = 3 or e.g.gx—3 =—=e¢
|PF|  5-3cosf S(I—SCOSQJ l—gcosﬁ

or e.g.
9 ’ 54 81

QF2 _ (3—50059j :9—?cos¢9+gc0320

PF?* 9cos’0—-30cosf@+25 9cos’0—30cosd+25

9 1—§c059+—9 coszﬁj 1—§cosﬁ+icoszﬁ
5 25 9 5 25
or e.g. = —X

_ 9 _0F 3.
25 1—§00s9+200526 25 1—§c0s0+icos26’
5 25 5 25

25 PF 5

Fully correct working including factorisation or equivalent leading to showing that

|OF| .

—— = ¢ with no errors and a conclusion “ = e”.
|PF|
Note that the value of e must have been seen earlier e.g. in part (b) or calculated
independently somewhere in the question.

Note that this mark depends on a ratio where the numerator and denominator are
either both positive or both negative or modulus symbols are present throughout.
This does not apply to the second case as both numerator and denominator must be
positive as they are squared.

Al*

3)

Total 12
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?\lﬂ?ﬁggp Scheme Notes Marks
1(a) 1—tanh? x = sech ?x
e _pa ) Replaces the tanh x on the lhs with a
1—tanh?x = 1—[ — J correct expression in terms of Bl
& +€ exponentials.
(e —(ef—e ) (@ +2+e ) (6P -2+e) ore 2e%* x 27
(" +e™)? (" +e™)? (et e M1
Attempts to find common denominator and expand numerator
4 2% : .
=| ————= |=sech” x Obtains the rhs with no errors. Alcso
e*+e™)
©)
ALT1 1—tanh? x = (1—tanh x)(1+ tanh x
( X ) Uses the difference of 2 squares on the lhs
_[4 et —g7* 1 et —e* and replaces the tanh x with a correct Bl
T e e + e* 1o~ expression in terms of exponentials.
(2" 2e” Attempt to find common denominators and |+,
eXre X )l eX4eX simplify numerators.
4 2% : .
= m =sech® x Obtains the rhs with no errors. Alcso
ALT 2 ) Replaces the sech x on the rhs with a
sech” X =———— correct expression in terms of Bl
(e"+e™) exponentials.
@2+ ) (e -2+e)  (e"+e) (e —e)?
(e* +e™)? (e* +e™)? M1
Attempts to express the “4” in terms of the denominator.
X —X 2
=1- [ € —¢ J =1-tanh® x* Obtains the lhs with no errors. Alcso
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(b) 2sech? x +3tanh x =3 = 2(1—tanh? x) + 3tanh x =3 - -
= 2tanh® x—3tanh x+1=0 M1
Uses sech? x =1—tanh?® x and forms a 3 term quadratic in tanh x
Solves 3TQ by any valid method
2tanh x—1)(tanh x—1) =0 = tanh x =... ; .
( ) ) ~ including calculator. M1
1 1.1
. Accept = —ZIn=
tanhx:%—>x=ln\/§ InV3 P 2In3, 2In3 Al
And no other answers.
@3)
ALT 4 eX _p
2sech’ x+3tanhx=3=2| ———— [+3]| ——— |=3
(e*+e™) e"+e M1
=843 —e)=3E@>*+2+e )= ...
Substitutes the correct exponential forms, attempts to eliminate fractions and collect terms
_2x ox 1
e > =2=¢e" =§ Rearranges to reach e ™ = ... M1
1 1.1
In/3.Accept =In3, —=In=
x = In</3 N3 Accept 5 2 3 |Al
And no other answers.
Total 6
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?\lﬂ?ﬁggp Scheme Notes Marks
2 y=v9-x%,0<x<3
(@) dy X . f a1
—— == C t derivative i .
dX \/9_7)(2 orrect aerivative In any rorm
Note that the derivative may be obtained implicitly after squaring e.g.
d d X
y=v9-x* = y*=9-x* :>2y—y=—2x:—y=—
dx dx 09— X2
x? dy d
Length of C = J 1+ = dx Uses 1+| =2 | dx with their & M1
9-x dx dx
Note that the above may be obtained via the implicit route as e.g.
2 2 2
1+(d—yj dx = 1+X—2 dx = 1/1+ X > dx
dx y 9—x
In which case the B1 is implied.
9 . X X
= | \|=—— dx=3arcsin = (+c) (or —3arccos—(+c))
9—x 3 3
3
J ’9 3 > dx = 3arcsin (1) —3arcsin (0) (or —3arccos(1)+3arccos(0)) M1
—X
0
Finds common denominator, integrates to obtain arcsin... or arccos...
and applies the limits 0 and 3.
3z Obtains the printed answer with no errors.
=—% This mark should be withheld if there is no Al
2 evidence at all of the limits being applied.
Special case:
If + - is obtained for :—y score BOM1M1A1 if otherwise correct but allow full
9-x X
recovery in (b)
4)
(b) Surface Area >
d . .
:Jzﬂ /9—x2[ 9 : }dx Uses JZ;ry 1+(d_ij dx with their j_i M1
9-x
3 3 Integrates to obtain kx and applies the limits
= jo 6rrdx = 67z[x]0 =.. 0 and 3. Condone omission of the lower M1
limit.
=187 187 cao Al
)
Total 7
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?\lﬁrﬁggp Scheme Notes Marks
3. 3 1 p
M=1 1 2
-1 p 2
@) 3 1 p
detM =1 1 2 Attempts determinant. Requires at least 2
correct “terms”. May use other M1
-1 p 2 rows/columns or rule of Sarrus.
=3(2-2p)-1(2+2)+ p(p+1)
= p2 -5 p -+ 2 Correct simplified determinant. Al
p?—5p+2=0= p=... Solves 3TQ M1
+
5_£/ﬁ Correct values. Al
(4)
(b) 2-2p 4 p+1 Attempts the matrix of minors. If there is | 11
. N2 any doubt look for at least 6 correct
Minors | (2-p7) 6+p (3p+1) elements. May be implied by their matrix (EBPlEONn
2-p (6-p) 2 of cofactors. )
2-2p -4 p+1 Attempts cofactors. M1
Cofactors | -(2—p®) 6+p —(3p+))
2-p —(6-p) 2 Correct matrix Al
2_9 2_9 9_ Transposes matrix of cofactors and
M- — 1 4 P Z Z divides by determinant. M1
T p2-5p+2| L Follow though their det M from part (a) | ¢
+1 -3p-1 2 but the adjoint matrix must be correct.
()
Total 9
Questblon Scheme Notes Marks
BUMberalg of 152
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4(i) f(x) = xarccosx, —1<x<1], - - -
X
f'(x) =arccos x —
V1-X?
M1: Differentiates using the product rule to obtain an expression of the form: M1A1
arccos X+
1-x?
Al: Correct derivative
. - - r 1
f'(0.5) =arccos0.5— 05 _= 3 73 oeeg ———F Al
\J1—0.52 3 3 3 3
(©)
(i) g(x) = arctan(e?®*)
, 28>
X) =
g’ e™ +1
M1: Differentiates using the chain rule to obtain an expression of the form:
ke2* M1Al
2
(ezx) +1
Al: Correct derivative in any form
> -
g'(X) = ——=—— = sech(2x) Introduces sech(2x). Depends on previous dM1
e’ +e M.
Differentiates sech(u) — +sechutanhu dM1
g "(x) = —2sech(2x) tanh(2x) Depends on both previous M’s.
Correct expression. Al
)
(i) . 2e2x
ALT1 9'(x) =—
e’ +1
M1 Differentiates using the chain rule to obtain an expression of the form:
ke2* M1A1l
2
(e™) +1
Al Correct derivative in any form
oy de” (1+e%)—de™ x2e™ Differentiates using quotient or product | 4\
9"(x) = e +1)° rule. Depends on first M.
_ 4e* — 4 _ —4(e* —e ™) Multiply through by e . Depends on dM1
(e +1)? (e +e7)? both previous M'’s.
2 er _ e—2x
=2 p2¥ ;a2 @2% | o7 Correct expression. Al
=—2sech 2x tanh 2x
Note that the first derivative may be obtained implicitly in either method e.g.
d d 26>
y =arctan(e”) = tan y = e” = sec’ y Y e W =
dx ax 14 (eZX)
| Total 8
Question Scheme Notes Marks
Number
. I, =|sec” xdx n>0
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5(@) J sec” xdx = J‘sec“‘2 xsec’ xdx Splits sec” x into sec™ 2 xsec? x M1
Isec” xdx =sec"* xtan x —f(n —2)sec"? xtan® xdx
. - Depends on pt_‘eviou: IZVI mark . 2 dM1A1
dM1: Uses integration by parts to obtain sec” “ x tan x—kIsec ““ xtan” xdx
Al: Correct integration
Isec" xdx =sec" % xtan x — J' (n—2)sec"? x(sec® x—1) dx Bl
(M1on
Uses tan® x =sec?® x—1 EPEN)
jsec" xdx =sec" % xtan x— (n— 2)jsec” xdx+(n-2) jsec”*2 x dx
n-2
=sec"* xtanx—(n-2)1, +(n-2)I,=>(n-1)I, =.. ddMm1
Depends on all previous M and B marks
Introduces /, and /. and makes progress to the given result.
(n-1)1, =tanxsec"* x+(n-2)1,* Fully correct proof. Alcso
(6)
ALT J sec” xdx = J.sec“‘2 xsec’ xdx Splits sec” x into sec"2 xsec? x M1
jsec”’2 xsec? xdx = jsec”f2 X(1+tan® x dx Bl
B Uses sec” x =1+ tan® x and splits into 2 (4" mark
= j sec"? xdx + Itanz xsec"2 xdx integrals. M1 on
EPEN)
2 n-2 1 o2 1 n
jtan xsec" " xdx = tan xsec" ™ x— I sec” xdx
(n-2) (n-2)
- - 2 n-2 . n-2 n dMl
Uses integration by parts on I tan” xsec" “ xdx to obtain Atan xsec" " x— Bjsec X dx
Note this is the 2" M on EPEN.
_[sec” xdx = jsec”‘2 XX + ! tan xsec"* x — ! Isec” x dx
(n-2) (n-2) Al
Fully correct integration
_[sec”xdx: I, + tan xsec"? x — l,=(n-1)I, =...
(n-2) (n=2) ddM1
Depends on previous M and B marks
Introduces /I, and /., and makes progress to the given result.
(n-1)1, =tanxsec"* x+(n-2)1,,* Fully correct proof. Alcso
5(b) l,=1 Correct value for I, seen or implied. Bl
I —ltan xsec” x+£l
¢ 5 5 ¢ Applies the given reduction formula once. | M1
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1. 7 ., 4 - -
I, =—tan—sec” —+—1,
4 4 5
ore.g.
1 4 4
1 4(1 2 1 44 2 8
= Ztan xsec’ x+—| =tan xsec’ x+=1, :—(1)(\/5) +—(1)(\/§) +—(1)
5.3 3 5 15 15 M1
Applies the given reduction formula again and uses the limits
to reach a numerical expression for lg
28
=— Correct value Al
15
(4)
ALT l,=1 Correct value for 1, seen or implied. Bl
l, — L tanxsec? x+2 I,
3
ore.g.
1 2 . . .
I, ==tan 7 sec? % +§ 1, Applies the given reduction formula once. | M1
ore.g.
1 2 2
1 ., 41 o 2. 1 a4 2 8
s —gtan Xsec x+§(§tan XSeC X+ Izj —g(l)(\/i) +E(1)(\/§) T it
Applies the given reduction formula again and uses the limits
to reach a numerical expression for lg
28
=— Correct value Al
15
Total 10

In part (b), condone confusion with the coefficients provided the intention is clear.

For either method in part (b), all working must be shown and the given reduction formula must be used at least
once. So do not allow e.g. 14 to be evaluated with a calculator but I, can be evaluated directly without using the
given reduction formula using an alternative method e.g. by parts or by substitution — see below:

Parts:

I, = J.sec“ xdx = J.sec2 xsec’xdx =sec” x tan x—2'[sec2 x tan®x dx

=sec? xtan x— stec2 X (sec2 x—l)dx =sec? xtan x— 2_|.sec4 X dX + 2_|.sec2 x dx

1
=sec’ xtan x—2I4+2‘|'sec2 x dx = 31, =sec’ xtan x+2tan x = I, :Esec2 X tan x+§tanx

Substitution:

1, = [sec’ xdx = [ sec” xsec’xdx = ['sec® x (L+tan’) dx

du u® tan® x
u=tanx=> [sec’ x (1+tan’x)dx = [sec’ x (1+u*) ——=—+u= +tan x
sec’°x 3
Question Scheme Notes Marks
Number
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6(a) 1] kK S N -
Attempt cross product of direction vectors. If
Normal to plane givenby L O 3|=... | the method is unclear, look for at least 2 M1
1 -2 1 correct components.
=6i+2j-2k Or any multiple of this vector. Al
Substitute appropriate point into . . .
6x +p§y —pZz :% Use a valid point and use scalar product with M1
e (11 1) or (2 1 4) tofind “d” normal or substitute into Cartesian equation.
6Xx+2y—22=6 .
" Given answer. No errors seen Al* cso
3X+y—-2=3
4)
6(a) ALT r=i+j+k+A>0+3Kk)+ u(i—2j+k)
=>X=14+A+u, y=1-2u, z=1+3A+u
M1: Forms equation of plane using (1, 1, 1) and direction vectors and extracts 3 equations | M1Al
forx, yand zin terms of L and u
Al: Correct equations
x:l+1—ly+lz—l+ly Eliminates 2 and 4 and achieves an M1
2 2 3 2 6 equation in x, y and z only.
3X+y—-z=3* Given answer. No errors seen. Al
6(b) s=-3 cao Bl
1)
6(c) i | k
o Attempts cross product of normal vectors.
1 1 -2/=i-5)]-2k If the method is unclear, look for at least2 | M1
31 1 correct components.
€.0. x=0,2y-2z2=6,y-2z=3 Any valid attempt to find a point on the M1
=y=32=0 line.
e.g. (0,3,0) Any valid point on the line Al
Correct equation including “r =" or
r=3j+4(-51-2k) equivalent e.g. x=Y—3_2 Al
-5 -2
4)
6(c) r=i+j+k+A>1+3K)+u(i—-2j+k), r.(i+j—2k)=3
ALT1 =1+ A+u+1-2p4—2—-61-2u=3 M1
Forms equation of first plane using (1, 1, 1) and direction vectors and substitutes into the
second plane to form an equation in A and
Solves to obtain «in terms of A or A in terms
1 M1
:>,u=§(—52,—3) of u
Correct equation Al
- . 1 o
EQ r=i+j+k+A(i+3k)+=(-51-3)(i-2j+k
Q- =i+ ko ai+3K)+5(-54-3)(i-2j+k) AL
Correct equation including “r="
6(c) 3 _ ;-3 —927-3-—72 _0o | Usesthe Cartesian equations of both
ALT 2 Xry—z=s xawymaz — Xz planes and eliminates one variable M1
1 5 Introduces parameter and expresses other M1
z2=A=>X=—=A,y=3+22z—x=3+—=A | 2variables in terms of the parameter
2 2 Correct equations Al
Correct equation including “r =" or
r=3j+A4(i-5]-2k) equivalent e.g. x=Y=3_2 Al
-5 -2
6(c) 3 _,-3 27-3-—2 _ 0 | Usesthe Cartesian equations of both
ALT 3 X+ty—z=3¢ x+ty-—az — Xtz planes and eliminates one variable M1
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Uses the Cartesian equations of both

M1

Sx+ty-z=3 Xxty-22=3=5x+y=3 planes and eliminates another variable
x=—ZL = 3—Ty t%cr)rr;:%[fet?]ia;it%r; gor one variable in Al
Correct equation or equivalent e.g.
5 —2
6(d) (3i+j-Kk)(i+j-2k)=6 Correct value for scalar product B1
o o Full scalar product attempt to reach a value M1
C089=(3I+j—k).(l+j—2k) _ |6 for cosd
o1+ i+1+4 V1L | cosgz\/g Al
0 =42.4° Correct value. Mark their final answer. Al
4)
'2(Ld_?_ |(3i +j—k)x(i+j- 2k)| =30 Correct value for magnitude of cross product | B1
o |(3i+j—k).(i+j—2k)| i J55 Full attempj/tg reach a value for sin @ M1
VO+1+1V1+1+4 11 For sing === Al
0 =42.4° Correct value. Mark their final answer. Al
Total 13
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Question Scheme Notes Marks
Number
7(i) 2 (v 92 Attempts to complete the square.
X" —4x+5=(x-2)"+1 Allow for (x—2)?+¢, ¢>0 M1
j;dx =arctan(x—2) Allow for karctan f (x) M1
(x—2)°*+1 '
tan(x-2)f =0~ -Z |=Z Z cao
[arctan(x—2)]; ( 4} 1 4 Al
3)
7(ii) [y2 _ Jx? —
J‘ X23dx:— X 3+I ! dx
X X Vx* -3
T3 L M1
. . . A XS —
Uses integration by parts and obtains A +B dx
X J.\/ x° -3
1
2 _ B dx = karcosh f ( x
=—X—3+arcoshi j\/x2—3 () M1
X V3 All correct Al
3
2 _ / 2 _
.[jg X _ 3 4x = {_ X =3 | arcosh %} = (—?Hﬂrcosh\@] —(0+arcoshl)
X X 3s dM1
Applies the limits 3 and V3
Depends on both previous M marks
1 1
arcosh\/_—gx/g = In(v2 ++/3) —gx/g Accept either of these forms. Al
(5)
7(ii 2_ 2.
AL(T)l j‘/x 3 dx :j\/BCOSh u-3 J3sinhudu A complete substitution using x = /3 cosh u M1
X2 3cosh’ u
= jtanh2 udu Obtains kJ'tanh2 udu M1
:J. (1-sech®u)du =u—tanhu Correct integration Al
2 p—
.[; VX _ Six = [u—tanh u]zrCOSth = arcosh+/3 — tanh (arcosh\/§)—0
X dm1
Applies the limits 0 and arcoshy/3
Depends on both previous M marks
1 1 .
arcoshx/_—gx/g = In(x/§+ \/§) —5\/6 Accept either of these forms. Al
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7(ii) _
ALT 2 I‘/XX dx = .[ V3sec’u-3 J3secutanudu | A complete substitution using x =v/3secu | M1

3sec’u
2
_I tan? u Obtains kJ- tan udu M1
secu secu
=In(secu + tan u) —sinu Correct integration Al
arcsec+/3
j'f x2 dx =[In(secu +tanu) —sinu],

=In (sec(arcsec\/§)+ tan (arcsec«@))— In (sec(0)+ tan (0))—sin (arcsec«/§) dmi

Applies the limits 0 and arcsecy/3
Depends on both previous M marks

[v2
J} . 2_3 dx = |n(\/§+\/§)—%\/g Correct answer. Al
:oX

Total 8

Note that there may be other ways to perform the integration in part (ii) e.g. subsequent substitutions.
Marks can be awarded if the method leads to something that is integrable and should be awarded as in the main
scheme e.g. M1 for a complete method, M2 for simplifying and reaching an expression that itself can be integrated
or can be integrated after rearrangement, Al for correct integration, dM3 for using appropriate limits and A2 as
above.

Alternative approach:

X
dx =arcosh——
3

Vx? -3 x* -3 1 3
7 WX= | = [ X [ e
X X“VX° -3 X“—3 X“VX" -3
Can score MOM1AOdMOAO if there is no creditable attempt at the second integral.

If the second integral is attempted, it must be using a suitable method
e.g. with either x = J3coshu or x=+/3secu:

J3sinhudu =jsech2u du =tanhu+c

3 3
3 - f
fxzx/xz—S 3cosh?u+/3cosh?u—3

or

3 3
3 - f
f x*/x* -3 3sec’ u+/3sec’u-—3

In these cases the first M can then be awarded and the other marks as defined with the appropriate limits used.

\/§secutan udu :Icosu du=sinu+c
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Question Scheme Notes Marks
Number
8(2) Asymptotes are y = +2x y=+2xo0eeg X= i% Bl
1)
8(b) . _ Uses the correct eccentricity formula with a
4=e’-1—e=+/5 =1 and b = 2 to find a value for e. M1
Foci are (£45,0) Both required. Al
)
8(c) dy dy do 2sec’d
8X_2yﬂ:0:>d_y:ﬁzw or —y:—yX—:—
dx dx y 2tang dx df dx secftand
. dy dy dy dy deo M1Al1
ML AX+By—2=0=-Z2=f(@)or L =" x="2=f(0
Y ax ax O =g e =)
Al: Correct gradient in terms of 6
Explicit differentiation may be seen:
Iody 1 . 4secd
2 2 2 2
Yo=4xX"-4d= y={4x"-4) => =—=—(4x"-4) ? XX =———
( ) dx 2( ) Jasec? 04
1
Score M1 for % = kX(4X2 —4) 2=f (0) and A1 for correct gradient in terms of
X
Asecd Correct straight line method using their
Eg y—2tand= (x—secd) gradient in terms of 6 and x = sec 6, M1
2tan o y = 2tan 6
ytan @ —2tan” @ = 2xsecd —2sec’ 6
= ytand-2tan” @ = 2xsecd - 2(1+ tan’ 6)
. % Obtains the given answer with sufficient
ytan o =2xsect -2 working shown as above. Alcso
(4)
8(d) VPV (=1,0); P(sec, 2tan ) = y = 2200y 1 1)
secd+1
or
WQ ‘W (1,0): Q(secd. — 2 tan 8) = y = —2 217y _1y MIAL
secd -1
M1: Correct straight line method for either VP or WQ
Al: One correct equation in any form
—2tanéd 2tan @
= x=1), y= X+1 Both equations correct in any form.
sece—l( )Y secH+1( ) q y Al
Attempt to solve and makes progress to
2tan —2tan
4 (x+1) = 4 (x—1)= x/y=... | achieve eitherx=...ory=...intermsof & | M1
secd+1 secd -1 only.
X=¢0S8 or y=2sind One correct coordinate Al
X=C0S# and y=2sind Both correct Al
2 .
Correct equation or correct values for a and
X2+yT=10ra=1,b=2 b a Al
()
Total 14
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Question Scheme Marks
de 2 J2x) -1
2 2
1+(d—yJ =1+4 ! 44x M1
X’ — X -
o) oo [ e e
1+ dx Al
.[ 4x° -1 4x° —
2(4x2—1) M
- 8)(%
13
4x* -1
s = ( 5 ) [ 4x169—1—,[4x ——IJ dM1
7
2
—(15V3-43) =4 Al
(6)
(6 marks)
Notes:
M1: Attempts %, accept the form ———. Allow ——

A ..
(condone missing brackets)
\ ’ 2x Y 2)C -1

Alternative 1:

Writes %ar cosh2x as %ln (2x +/4x* ~1 ) leading to

1 1 ( j 2x4yai -1 1

dr 2 2xgfax? -1 \/4x 1) Jar - (2x+\/4x _1) Jax? -1

Alternative 2:

1 dy dy 1 |
y:Earcosth:>2y arcosh2x = cosh2y =2x > 4sinh2y— =2x =

dx sinh2y - \/4x2 -1
If either approach is taken then the same condition for the form of the derivative applies

Note that this differentiation may be seen in an attempt by parts of J- ydx

2
M1: Attempts to find 1+(%j using their dy and attempts common denominator.

Al: Reaches a correct simplified integral with \/x_2 replaced with x as shown in the scheme.

1 1 4x
Allow equivalent forms e.g. 2| x, / ——dx, — | ———dx
q g _“ 4)62—1 2j ’(2x)2_1

This may be implied by subsequent work.
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1
M1: Attempts the integration and reaches the form a( Bx* - 1)2 . a and/or f may be 1

This may be implied by e.g.

u=4x —1—>kJ‘—du—a u oru=x2—>kj

1
du =av4u -1
Vau—1

dM1: Applies the limits to their integral. Depends on the previous 2 method marks.
Any attempts at substitution requires use of changed limits e.g.

675
u=4x’-1— = J-—d ->— } =..

48

. . 1
Al: cao Accept equivalents in the correct form, such as E\/ 363

Examples of alternative for the final 3 marks:

coshu

el (26+15f) _e—ln(26+15f) o In(7+4+53) _e—ln(7+4«/§)
2

:lcoshu:>2J‘ —smhudu

arcosh26 _ l

J-lcoshudu :l[sinhu] -
2 2

arcosh7 E

:%(15&—4@):%\6

Score M1 for a complete method for the substitution leading to ksinhu and then dM1 for
applying changed limits (or reverts back to x) and A1 as above

SeCcu

x—lsecu:>2J‘de—J‘ secutanudu
2 Vax? -1 Vsect u —

lsec2 udu = ! [tanu]mmi

2 2 arcosh7

=§(1sﬁ—4ﬁ)=§ﬁ

Score M1 for a complete method for the substitution leading to Atanu and then dM1 for
applying changed limits (or reverts back to x) and A1l as above

Special Case if no integration is attempted:
Note that if candidates do not attempt the integration but obtain the correct exact answer then a
special case of MIM1A1MOAOAT1 (4/6) should be awarded.
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Question Scheme Marks

2. coshy:x,y<0:>y:1n[x—\/x2—1}

e’ +e”

coshy=x=x= 5 B1
= 2xe’ =¢* +1 M1
) 2x+t (2x)2—4><1><1
=e’ -2xe’+1=0=¢" = 5
M1

or

2 2 2
=e y—2xey+1=0:>(ey—x) +l-x"=0=¢e’ =...

=xtvx’ -1 Al

So y=ln[x—\/x2—l}* Al*

since y<0=>e” <1 soneed x—+/x* —1 (as x>1 so must subtract) B1
(6)
(6 marks)

Notes:

X —X

. : e
B1: Correct statement for x in terms of exponentials. cosh y = scores BO0.

M1: Multiplies through by e’ to achieve a quadratic in €. (Terms need not be gathered.)
M1: Uses the quadratic formula or other valid method (e.g. completing the square) to solve for e”.

2x++/4x* -4
2

Al: Correct solution(s) for €. Accept if only the negative one is given. Accept

AT*: Completely correct work leading to the given answer regardless of the justification why the
negative root is taken (correct or incorrect). Must be no errors seen.

B1: Suitable justification for taking the negative root given.
E.g. y<0so y= ln[x—'\/x2 —1}. Condone x++/x° —1<1s0 y= ln[x—\/x2 —1}.

Note that the B1 can only be awarded if all previous marks have been awarded.
But the reason may be given before or after In has been taken.

E.g. (ey—x)2+1—x2 =0=>e’ —x=+/x’—1buty<0so e’ —x=—Vx" -1

Working backwards:

yzln[?c—\/xz—l}:ey =x—+x’=1(Bl)=¢" +¢” =x—\/x2—l+;(M1)
x—~/x" -1

2x(x—\/x2—1) o +o

(Ml):2x(Al):>x:—

x—\/xz— |

I+ =
x—\/xz—l x—\/x2—1
Final B1 unlikely to be available.

= cosh y(Al)
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Question Scheme Marks
1
3(@) dy_6cosd 2X DD 4o d—y:lxl(576—9x2) 2 x—18x Bl
dx —8siné 64 36 dx dx 4 2
——3C0S0:>m _ 1 _4siné M1
4sin 0 N m, 3cosd
So normal is y —6sinf = 4Sln9(x—8coso9)
3cosd
or dM1
:4Sln9x+c, c:6sin¢9—4smgx80059
3cosé@ 3coséd
= 3ycos@—18sinfcosf =4xsin @ —32sinfcos .
= 4xsinf@—-3ycosd =14sinHcosd* Al
“)
b
(b) Ais (%COS@,O) and B is (0,—%sin9] B1
;cosé’ 134sin¢9 7 7
M is ,— =| —cosf,——sind M1
2 2 (4 3 j
- )y 3 (4.) . dM1
sin” @+ cos 9—13( 7y + 7x =1 Al
=16x" +9y* =49 Al
)
(9 marks)
Notes:

(@
B1: A correct statement for, or involving, ay See examples in scheme for parametric, implicit and
direct forms.

M1: Finds % in terms of € and applies the perpendicular condition to find gradient of the normal.

dM1: Uses their normal gradient and P to find the equation of the normal

A1*: Correct answer from correct work with at least one intermediate step and no errors seen.

(b)

B1: Correct coordinates for 4 and B or correct intercepts of / seen or implied by working. Allow in
any form simplified or unsimplified.

M1: Uses their 4 and B to attempt the midpoint, M. May be implied by at least one correct
coordinate.

dM1: Uses sin’ @ +cos’ @ =1 with their M to form an equation in x and y only.

Depends on the previous mark.

Al: A correct unsimplified equation.

A1: Correct equation in the required form. Allow any integer multiple.
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Special Case: If M is found as e.g. [%cos 0, %sin 0) withhold the final mark only if otherwise

correct.
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Question Scheme Marks
2 0 -1
@ k 3 2—23 2 0 k 2+( D k 3—2(3k 2)—(k+6)= M1
T K2k 2 1 o
-2 1 k
=0k-4-k—-6=5k-10%* Al*
2)
(b) 2 k =2 3k-2 k*+4 k+6
M"=| 0 3 1] orminors 1 2k-2 2| or
-1 2 %k 3 4+k 6
M1
3k-2 k-4 k+6
cofactors -1 2k-2 2
3 44—k 6
k-2 -1 3
Adjugate matrix is | -k =4 2k—2 —4—k | (> 6 entries correct) M1
k+6 -2 6
. 3k-2 -1 3
Hence M ™' = —k*—4 2k-2 —4—k
1 —10 dM1A1
k+6 -2 6
“)
(c) Images of 4, B and C are (5,4k—18,3k—16), (O,7—2k,9—4k) and M1
(0,4k 2,8k —14) Al
15 4k—-18 3k-16
(i)SOzE 7-2k 9—4k:>(i)300:5(...)(:200k—400):>k=... M1
0 4k-2 8k-14
(30022001(—4003)1(2% or (—3002200k—4003)k=% Al
k=l and k=z Al
2 2
)
Alt Using volume scale factor. Attempts
method 4 8 3
a(bxc)=|-2 5 —4|=4(40-24)+8(~16+16)+3(12-20) = .. Mi
4 -6 8
4 -8 3
Volume of T'is é‘a.(bxc)‘:é—2 5 =3 :% Al
4 6 -8
: 20 20
Volume image of 7'= |detM|><?:>?|5k—10|=50:>k:... M1
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(E(Slc—10)=50:>jk=z or (é(lO—Sl’c)=50:>jk=l Al
3 2 3 2

k= 1 and k= 7 Al

2 2
)
(11 marks)

Notes:
(a)

M1: Correct method for expanding the determinant to reach a linear expression in k. Expect
expansion along the top row, but may expand along any row or column. Sarrus gives 6 + k— (6 + 4).

A1*: Correct expression from correct work.

(b)

M1: Begins the process of finding the inverse by attempting either the transpose, or the matrix of
minors or cofactors. Look for at least 6 correct entries.

M1: Proceeds to find the adjugate matrix (may include the reciprocal determinant). Again look for 6
correct entries.

dM1: Full method to find the inverse matrix, so divides their adjugate by the determinant.
Depends on both previous marks.

Al: Fully correct inverse.

(c)

M1: Attempts to find the image vectors of 4, B and C under the transformation. (O mapping to O

may be assumed). May be implied by at least two correct entries in one of the three vectors — but
must be finding all three.

Al: Correct image vectors. Allow unsimplified and isw if necessary.

M1: Use their image vectors in a suitable scalar triple product to find the volume, and set volume
equal to 50 and attempts to solve for k. Must include the 1/6 but may appear later.

Usually %(2001{ —400) =50 leadingto k= %

A1: One correct value for k obtained, either k = % or k= %

Al: Both values of k correctly found. £ = % and k& =%

Alt method using determinant as volume scale factor.
M1: Attempts an appropriate scalar triple product. May have rows in different order.

A1: Correct volume for tetrahedron 7. Need not be simplified, so 4?0 is fine here.

M1: Uses the determinant as the volume scale factor to set up at least one equation in & using their
volume and the given volume and attempts to solve for &. The 1/6 may have been missing.

Usually ? (5k—10) =50 leading to £ = %

A1: One correct value for k obtained, either k = % or k= %

Al: Both values of & correctly found. & = % and & =%
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Question Scheme Marks
5(a) i j Kk
Gi+j)x@i—-2j+3k)=|5 1 0]=...
8 -2 3 M1
(ui+vj+wk).(5i+j):0 Su+v=0
oo oo = u,v,w=
(ui+vj+wk).(8i-2j+3k)=0] ~8u—2v+3w=0
n=3i—-15j—-18k or a(i—Sj—6k) forany a #0 Al
(2)
(b) (i) r=(2i—4j+4k)+s(8i—2j+3k)+¢(5i+]) B1
1)
(ii) (2i—4j+4k).(3i—15j—18k)=...(= —6) M1
So r.(3i—15j—18k):—6 oe such as r.(—i+5j+6k)=2 Al
(2)
(©) Distance from plane in (b) to origin is = oee.g. 2
Way 1 V3 +15% +18° V1P +5° +6
Or attempts similar for parallel plane containing /1, e.g. M1
(i+2j—5k).(3i—15j-18k) B
V3 +15° +18°
—+L (oe evaluated) or ii if considering other plane Al
V62 J62 '
+ i+2j—5k).(3i—15j—18k
Both -6 oe and (l L ) ( i ): attempted M1
V3 +15° +18° V3 +157 +18°
Hence shortest distance between lines is L+A = M1
B 2362 Al
J62 62
)
Way 2 AB =% ((i+2j-5k)—(2i—4j+4k))=+(-i+6j-9k) M1 Al
ABn  *+(-i+6j-9Kk).(3i—15j—18k
d=ABcost9:AB'n: (- +6i ) (i-15] )oe M1
[n| V3 +157 +18
_#(-3-90+162) 469 M
/558 J558
_B 2362 Al
J62 62
)
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Way 3 (2i—4j+4K)+ (81— 2j+3k) —((i+2j—5k)+ A(5i+]))
M1 Al
=(1+8u—51)i+(-6-2u—2)j+(9+3u)k
((1+8u—52)i+(-6-2u—2)j+(9+3u)k).(5i+j)=0
= 38u—264=1
(1+8u—52)i+(-6-2u—2)j+(9+3u)k).(8i—2j+3k)=0 M1
= 77u—384 =47
4o 207 70
62 31
(2i—4j+4k)+ 1(8i—2j+3k)—((i+2j—5k)+A(5i+]))
23, 115,69
BRTRAET M1
\/(23)2 (115)2 (69)2
d=|=| +|— | +| =
62 62 31
23 23J62
- Al
\/6_20r )
©)
(10 marks)

Notes:

Accept equivalent vector notation, e.g. column vectors, throughout.
(@
M1: Any correct method to find a vector perpendicular to the two direction vectors of the lines.

Look for the cross product between the two direction vectors, but may use dot products and solving
equations. In the latter case the method should lead to values for u, v and w.

For the vector product, if no method is shown look for at least 2 correct components.
Al: Any correct vector, a scalar multiple of —i +5j+ 6k

(b)
X

B1: Any correct equation. Must haver=...ore.g. | y |=...
z

M1: Uses their normal vector from (a) with any point on the plane (probably (2i—4j+4k) to find p

Condone slips with the calculation so (2i —-4j+ 4k) . (3i -15j—-1 8k) evaluated as a scalar is sufficient

for M1. May also be implied by p =—6

Al: Any correct equation of the correct form.

(c)

Way 1

M1: Uses the plane equation from (b) (or otherwise) OR the parallel plane containing /, to find the
distance of one of these planes to the origin.

Al: Correct distance between one of the planes and the origin, accept = here.

M1: Attempts distance of both the parallel planes containing /, and /, from the origin.
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M1: Correct method for finding the distance between lines — i.e. subtracts their distances either way

round.
2362

23
J62 62

Al: Correct answer. Accept

Way 2

M1: Subtracts position vectors of points on the lines (either way around). Implied by two correct
coordinates if method not shown. (Forms suitable hypotenuse.)

A1l: Correct vector or as coordinates, either direction.

—_

M1: Correct formula for the distance using their vectors, d = ABcosf = 4 with their 4B and n.

||

M1: Complete evaluation of the formula.
23 2362
J62 62

A1: Correct answer. Accept but must be positive.

Way 3

M1: Subtracts position vectors of general points on each line (either way around). Implied by two
correct coordinates if method not shown.

Al: Correct vector or as coordinates, either direction.

M1: Forms scalar product of the general vector with both direction vectors, sets = 0 and solves
simultaneously

M1: Substitutes the values of their parameters back into the general vector and attempts its

magnitude
or 23J62 but must be positive.

23
J62 62

A1l: Correct answer. Accept
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Question Scheme Marks
6(a) 5 Lo
_ n—1 2 | wn-l1 l . 2 2 2 n—2 l . 2 M1A1
Way 1 In_,[) X .xcos(x)dx—{x .Esm(x)o - O (n—T)x .Esm(x )dx
1 2
:[x ’l.zsm(xz) ——(n 1).[ xsm
Q E oo dMI1A1
w1 2 1 a1 2 2 . 1
:[x I.Esm(x2 | E(nl)“x 3.—Ecos(x2)l) —L (n—3)x 4.Ecos(x2)dx}
n—1 1 1
Vs . T
— | sin—=0|—=m-1D)|(0-0)+=(n-3)] _ M1
\/;J 5 } 2( )[( ) 2( )néi d
L_l
1(z)2 1
=—|—| ——(n-1)(n-3)1_,* Al*
2(2} 4( )( ) n—4
(6)
Wayz n+l % \/E n+l
I =X .cos(x2) —J T .—2xsin(x2)dx M1A1
n+1 0 o n+l1
_ _\g 5 \E 2
= +— sm(x )dx
n+l 1 n+l
- -f ™ ; dMIiA1l
0 n+3 2 5 nt3
= +L i sm(x2) Y I 2xcos( )dx
n+1 1, n+lj[n+3 0 o, n+3
2 1 n+3 2
T Vs
0-0)+— — ——0-
(0-0) n+1 n+3[ 2} " n+3 ’”“} M1
n+3
1
z\® ——(n+1)(n+3)I, soreplacing n by n —4 gives
;T 4 n g n by g
. Al*
1)z 1
I =—|— ——m-)(n-3)1 _,*
0 2(2j 4( )n=3)I,,
(6)
(b) z i
=] xcos(x?)dx= lsin 2|7 =L Bl
: 2 2
0 0
5-1
=4z i——(s 15— 3)><"1" M1
> 202
T’ -8 1(zY
=——1oce.g. , = = 1| -1 Al
8 8 2\ 2
3)
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(9 marks)

Notes:

(a) Way 1
M1: Applies integration by parts in the correct direction having made the ‘split’ and obtains:

[iax"’l sin(x2 )} iﬁj x”_z.sin(xz) dx
Al: Fully correct expression

dM1: Applies integration by parts in the correct direction to I x”’z.sin(xz) dx and obtains:

[iax“ cos(xz)] iﬁj X' cos(xz) dx

Depends on the previous M mark.
Al: Correct second application of parts e.g.

1 1
n-2 _: 2 _ n=3 _ = 2 _ _ n-4 _ ~ 2
j- X .sm(x )dx—[x . 2cos(x )} J. (n=3)x"". 2cos(x )dx
dM1: Applies the limits completely to their result and replaces final integral by /,_,. The

substitution of limits may have been carried out in stages throughout the work, or may be applied
after integration by parts twice has been carried out. Depends on both previous M marks.

There must some explicit evidence that the limits have been applied but this may be taken

K2 n—1 2 n—1 E

1 . \fz 1 . 1 1 2

from either the [x”‘l.—sm(x2 )} =e.g. , /E Zsin| JZ |5 2, —(Zj -0
2 0 2 2 2 2 2 22

s

or {x“.—%cos(xz)} ’ =eg 0-0, 0

0
A1*: Achieves the printed answer from completely correct work with no errors seen and evidence of
the given limits being applied.
Way 2
M1: Applies integration by parts in the correct direction and obtains:

[iax"“ cos(x2 )} iﬂj X" x sin(xz) dx
Al: Fully correct expression

dM1: Applies integration by parts in the correct direction to ﬂj x"! xsin (xz) dx and obtains:

[iozx”+3 sin(xz)] iﬂj x””.xcos(xz) dx

Depends on the previous M mark.
A1: Correct second application of parts e.g.

j x’”z.sin(xz) dx:{;i;sin(xz)} —J. :;:j; .2xcos(x2) dx
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dM1: Applies the limits completely to their result and replaces final integral by / . The

substitution of limits may have been carried out in stages throughout the work, or may be applied

after integration by parts twice has been carried out. Depends on both previous M marks.

There must some explicit evidence that the limits have been applied but this may be taken
xn+1 \/%

from either the .cos (xz) =e.g. 0-0,0 or

n+l

0

n+3

n+3 n+3 n+3
n ’7[ T ’72,' T 2
n+3 \/; o 2 o o ()
x—.sin(xz) :e.g.z—.sin ,/f , 2—.sin[£], 2 (1), 2 -0
n+3 o n+3 2 n+3 2 n+3 n+3

A1*: Achieves the printed answer from completely correct work with no errors and evidence of the
given limits being applied with a clear statement that » is replaced by n — 4

(b)
B1: Correct /,. May be seen after attempting the reduction.

M1: Applies the reduction formula with their /, and n = 5 to reach a value. Condone slips with

.1 . L
evaluating 7 (n—1)(n—3) as long as the intention is clear.

Al: Correct answer.

Note: Beware incorrect work in (a) leading to what appears to be a correct form e.g.

T

I,= j Oﬁx” cos(x”) d =[leﬁ J-OJ; nx"—‘.M dx

2x 2x

This scores MO at the start and hence will usually score no marks in part (a)
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Question Scheme Marks
7(@) P od (e -1)m e =2 41 =210 Bl
a’ a
(0))
()¢ T (2)2
ﬂ><l:i2:>y:i§:>AA?: ><é or é—(—éj M1
e a 5 e e e e
10
=— Al
e
3
(© 1X"10"X( aj 1 10a [\/72 a’ }
—X — X|ae+—| or e.g. —Xx———=x%|V25+a" +— M1
2 e e 2 25+4° V25+d°
l&( ﬁjzﬁjwﬂ %J:164
e e e
or M1
2
et (TS
2 25+4° \/25+a2 3
o’ Al
:15a[1+2 2j:164 (M1 on
Sta EPEN)
2
:>15a{25+2“2 J=164:>375a+30a3 =164(25+a")
S5+a Al*
=30a’ —164a” +375a—-4100=0*
Q)
@ 164 : Bl
30a” —164a +375a—4100:(3a—20)(10a +12a+205) (M1 on
EPEN)
12* —4(10)(205) =.
M1
10a’ +12a+205 =10 (CHE) _144 205
20 400
E.g. 12° —4(10)(205) <0 so there are no other roots of the equation.
20 . : Al
Hence a = 3 is only possible value.
3
(11 marks)
Notes:
(@
B1: Correct expression.

Page 61 of 152



FP3 2021 10 MS

(b)

B1: Identifies at least one correct equation for a directrix and at least one asymptote, stated or used —
including the b = 5.

M1: Solves to find y coordinates of 4 and A’ or just one of these and doubles to get length. Allow if
b is used rather than 5.

Al: Correct length (from subtracting or doubling). Must be positive.

(c)

M1: Uses focus (—ae, 0) and directrix x =2 (allow if the alternative pair is used) with their length
e

from (b), to form a correct or correct ft expression for the area of triangle AFA".

. . 164 . .
M1: Sets their area equation equal to 3 to obtain an equation in e* and a.

n "
. a
Their attempt at the area must be of the form —x — x=* (ae + —J
e e

2

Alternatively, allow an equation in just @* if e = is substituted first.

2
a

A1(M1 on EPEN): Correct equation in terms of a only. Allow any correct form.
A1*: Correct result achieved with no errors seen and sufficient working shown.

(d)
B1(M1 on EPEN): A correct method for showing that a = % is a solution of the equation.

Examples:
30a’ —164a” +375a - 4100 =(3a —20)(10a2 +12a+ 205)

304’ —164a* +375a — 4100 =(a—?)(30a2 +36a+615)

+2500-4100=0

3 9

Or e.g. long division and obtains correct quotient and no remainder

M1: A correct method for showing there are no other roots. May use completing the square (as in
scheme) or attempt discriminant or differentiation,

f(éJ _ 80000 65600

2
e.g. i(eqn) =90a —328a+375= 90(a - %j + 3:? > 0 so strictly increasing hence only one
a
solution.

If using discriminant then values must be used i.e. not just b> — 4ac < 0
An attempt at the discriminant may be seen as part of the quadratic formula e.g.

~12:+,/12* - 4(10)(205)
“ 2(10)

Al: All work correct with reason and conclusion made that a = ? is the only possible value. If the

discriminant is evaluated then it must be correct. For reference 12° —4(10)(205) = —8056 and
36> —4(30)(615) =—72504 but note that e.g. 12 —4(10)(205) <0 with a conclusion is acceptable.
Note that just using a calculator to solve the cubic generally scores no marks.
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Question Scheme Marks
1 1 L
8(a) %:i ! =X..xX ° or cosy=2x2:>isinyd—y= X 2 M1
1—k~/x dv
1
1 2
%:i 114x>{Kx 2} or %:i K('.x\/_)z dM1
- 2x
d_y =— ! oee.g. — Al
v JxJl—4x - x2
3)
(b) J dx__[l 2x ) dx = N I s S
y dx =] I xarccos X =Xx arccos b X M1
» oo (3)- [
—xarccos 2[ Al*
J\/ —4x
(2)
d —_
Way 2 - - -
ay dx(xarccos(Z\/;)) l.arccos(2ﬁ)+x.\/_m M1
= | arccos 2\/7 dx = xarccos 2f Al*
James(z) ) J i
(2)
(©) L ﬁz—lsinﬁ, dx=—x/;sin0d6’, £=—lsin¢90050
2Jxdo 2 do 2
dx 1 Bl
Ez—zsin26
j j‘ cos@ *sin@
M1
V1-4x \/1 cosH
1 cos” fsinf 2@sin @ 40— IJ-cos 040 Al
J1-cos’
x=0=0=" ! z
2 35 IS Jx =1J2c0520d0 Al
z o V1—4x 4])=
x=—=0= Z 4
4)
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@ 1 l(1+cos2(9)d9—1’( 0+lsin2¢9 M1
4)2 2
1 V4
L dx:l{9+lsin29}2 =( i—ij
o N1—4x 8 2 z 32 16
4
ore.g.
T 1
3 > < dM1
8
j Jx dx I{H—k—sm%’}z :—l{arccos2x/;+lsinZarccost/;}8
o V1—4x 8 z 8 2 0
I 1 »x
= = —4———
84 2 2
= garccos(Zx/;) [xarccos2x/—J +——i:larccosi—0+£—L dM1
. 32 16 8 2 32 16
T 1
=——— oe Al
16 16
Q)
(13 marks)
Notes:
(a)
M1: Attempts to apply the arccos derivative formula together with chain rule. Look for
d 1 ) . -
Y +—2 xf (x) where f (x) is an attempt at differentiating 2Jx where f (x) £ ax

N
Note that £ may be 1 for this mark.
Alternatively, takes cosine of both sides and differentiates to the form shown in the scheme.

dM1: Correct form for the overall derivative achieved, may be errors in sign or constants with k # 1

Alternatively, divides through by sin y and applies Pythagorean identity to achieve derivative in
terms of x.

Al: Correct derivative, but need not be simplified. Award when first seen and isw.
(b) Way 1

M1: Attempts to apply integration by parts to 1xarccos (2& ) .
Look for xarccos(Z\/;) — Ix"their (a)"dx or u= arccos(zx/;) = % = part(a), % =l=>v=x

A1*: Correct work leading to the printed answer. There must be a clear statement for the integration
by parts before the given answer is stated.

Soe.g u= arccos(2x/;) = % = part(a), % =l=>v=x

:Jarccos 2[ dx = xarccos 2[ J‘

1

2
You can condone Iarccos (2&) dx = xarccos (2\/;) + J- al dx *

1-4x
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Way 2
M1: Applies the product rule to xarccos (2\/; ) , look for 1.arccos (2\/; ) + x."their (a)".

A1*: Rearranges and integrates to achieve the given result, with no errors seen.

(c)
B1: Any correct expression involving dx and dé, see examples in scheme.
Jx
v1-4x

Ignore attempts at substitution into the xarccos(2\/; ) .

M1: Makes a complete substitution in the integral ‘[ dx to achieve an integral in & only.

N : : - L 12
Al: A correct simplified integral aside from limits. May be implied by e.g. ZJ- cos’ 0 d6O
H
Note that this mark depends on the B mark.

A1: Finds correct limits for 6 and applies to the integral by reversing the sign — i.e. correct answer

with limits and sign all correct. Accept equivalent limits e.g. —% to —% or % to 2%

4
Note that this mark depends on the B mark.

(d)
M1: Applies double angle identity to get the integral in a suitable form and attempts to integrate.

Accept cos’ 0 = %(il + cos 29) used as identity and look for 1 — € and cos26 — J_r%sin 260

dM1: Applies their limits (either way round) to their integral in 6 or reverse substitution and applies
limits 0 and % .

Depends on the previous method mark.

dM1: Applies limits of 0 and % to the xarccos(2\/; ) to obtain a value (or their limits either way

round if they applied the substitution to this to obtain a value) and combines with the result of the
other integral.

Depends on both previous method marks.
Al: Correct final answer.
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Question
Number

Scheme Notes

Marks

1(2)

oV
ere =£( 4X+4ez“+6+4e’2"+e’4x)
2

8cosh?x =8
16

X —X

e +e
Applies cosh x = ———— and attempts to expand the bracket to at least 4 different and no

more than 5 different terms of the correct form but they may be “uncollected” depending on

3
how they do the expansion. Allow unsimplified terms e.g. (e") e .

2 2
e +e " e +e
May see 8( 5 j ( 5 j but must attempt to expand as above

M1

1 o2 o2 Collects appropriate terms and reaches the
= E(e“" +e ™ ) + 4(TJ +3=... | form cosh4x+ pcosh2x+ g or obtains
values of p and g.

M1

Correct expression or values e.g. p =4 and ¢

=cosh4x+4cosh2x+3 —3

Al

No marks are available in (a) if exponentials are not used but note that they may appear
in combination with the use of hyperbolic identities e.g.:

2

2

4x —4x 4x —4x 2x —2x
e +2+e _ e +e e +e
22(f+62x+62x+1j= 5 +4( )+2

2 2x —2x
8cosh” x = 8(cosh2 x)2 = S(Mj = 2(%+ 1)

2
=cosh4x+4cosh2x+3

Allow to “meet in the middle” e.g. expands as above and compares with
l(e4x+e_4x)+ ﬂ +g= — —
> D 5 gq=>p=...,9=..

but to score any marks the expansion must be attempted.

(©)]
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(b)
Way 1

cosh4x—17cosh2x+9=0= 8cosh® x—4cosh2x—3—17cosh2x+9=0
:>8005h4x—2100sh2x+6:0:SCosh4x—21(ZCosh2x—l)+6=0

Uses their result from part (a) and cosh 2x = +2cosh” x+1
to obtain a quadratic equation in cosh’x

M1
or
cosh4x—17cosh2x+9=0= 2(2cosh2 x—l)2 —1—17(2cosh2 x—1)+9 =0
Uses cosh4x =+2cosh’2x+1 and cosh 2x =+2cosh? x+1
to obtain a quadratic equation in cosh®x
= 8cosh® x—42cosh’* x+27=0 Correct 3TQ in cosh?x Al
. 2 .
— 8cosh? x— 42 cosh® x 427 = 0 Solves 3TQ in CO'Sh x (apply usual rules if
o 3 necessary) to obtain M1
:COShZXZE(’Zj cosh’x=k (keR and >1).May be
implied by their values — check if necessary.
9 3 3 9
cosh’x==—=coshx=—==x=%In| ——=+,[——1
2 V2 V2 N2
or
3 e'+e " 3 - . .
coshx=—fr=——— == — 2¢™ _6e"+/2=0=¢" =
V2 2 2
9 *+ 9
cosh?x=—=| ST | 2 et geX +1=0>e¥ = > x=..,
2 2 2
Takes square root to obtain coshx =k (k > 1) and applies the correct logarithmic form for
arcosh or uses the correct exponential form for cosh x to obtain at least one
value for x
The root(s) must be real to score this mark.
3V2 14
x=xIn| —+——
2 2

Both correct and exact including brackets.

V7 Al

Accept simplified equivalents e.g. x = (— + —J but withhold this mark if additional

NCRN
3\/_\/_J

answers are given unless they are the same e.g. allow x =+1In (— +

2
|

3)
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(b) cosh4x—17cosh2x+9=0=>2cosh’ 2x—1-17cosh2x+9=0 M
Way2 Applies cosh 4x =+2cosh”® 2x+1 to obtain a quadratic equation in cosh 2x
2cosh’ 2x—17cosh2x+8=0 Correct 3TQ in cosh 2x Al
2cosh?2x—17cosh2x+8=0 Solves 3TQ in cosh 2x (apply usual rules if
1 necessary) to obtain M1
3005112)6:8(’5] cosh2x=k (keR and >1)
cosh2x =8 = 2x = J_rln(8+\/82 —1)
or
er + e—2x
cosh2x=8:>T=8:>e4x —16e” +1=0=¢" =...=2x=... Ml
Applies the correct logarithmic form for arcosh from cosh2x =k (k > 1) or uses the correct
exponential form for cosh 2x to obtain at least one value for 2x
The root(s) must be real to score this mark.
Both correct and exact with brackets. Accept
1
x== > In (8 +3J7 ) simplified equivalents e.g.
ore.g. x= % In (8 +/63 ) but withhold this mark | A1
1
x=+In (8 +3J7 )5 if additional answers are given unless they
are the same as above.
(b) 4x + —4x 17
Way 3 cosh4x—17cosh2x+9=0:>%—?( 2x+e"“)+9=0
— e —17¢" +18e* —17e> +1=0 MIAL
M1: Applies the correct exponential forms and attempts a quartic equation in e**
Al: Correct equation
e —17e® +18e* —17¢* +1=0 Solves and proceeds to a value for e** where M
=X =8+37,... e* > 1 and real.
2 _qy _ n Takes In’s to obtain at least one value for 2x
— ¢ 8t 3\/7 = 2x=ln (8 B 3\/7) The root(s) must be real to score this mark. MI
Both correct and exact with brackets. Accept
1
X = 3 In (8 +37 ) simplified equivalents e.g.
1
ore.g. X = igln(8 + 3\/7> but withhold this mark | Al
1
x=1In (8 +3J7 )2 if additional answers are given unless they
are the same as above.
Total 8
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Question
Number Scheme Notes Marks
2 dx secOtan @ +sec’ @
— = —cos
do secd +tan @
Correct derivative.
Do not condone missing brackets e.g. dx - xsec@tan @ +sec’ @ —cos O B1
d@ secO+tand
unless a correct expression is implied by subsequent work. Award when a correct expression
is seen but note that other forms are possible
€.g sec@d—cos@, tan@sinf
2 2 P 2
t + .
dx N dy _ secftan @ +sec” @ ~ cosd +(—sm0)2
déo dée secd+tan @
, ) Ml
d
Attempts ha and then ﬂ + d_y
dé de de
2 2
dx d
S=(27) | cosb,| — | + 1 de
dée de
2
sec@tan @ +sec’ 0 .
=(27) | cosé —cos +(—sm6’)2d9
secH +tan @
: : _dx _dy M1
Applies a correct surface area formula using their @ and their E
with or without the 2z
2
sec@tan @ +sec’ 6 .
For reference: —cosf | + (— sin 6’)2 =tan@
secd +tan @
Allow 7 in front of the integral but must be an integral
. Fully correct simplified integral with or
(2ﬂ).[81n 0 do without the 27 Al
= (272') [— cos H] (+c) Correct integration with or without the 27 Al
(27[)[—cos 6’]% = (271') —L+1 Applies the limits 0 and f_
0 \/E 4
1 dM1
Must see evidence of both limits if necessary but condone e.g. (271') _ﬁ -1
Depends on both previous method marks.
TSA = 5 Correct expressions for the 2 “ends” and adds
1 2 1 these to their curved surface areca. Depends on | dM1
2r| ——~+1 |+ 7 xl"+ 7 x| — .
\/5 \/5 the previous method mark.
T . .
_ _(7 22 ) Correct answer in the required form or correct Al
values for p and ¢.
Note:
The final answer should follow correct work. The final mark should be withheld
d .
following e.g. d_)t; clearly seen as +sin 6 or ~l‘sm 0 df =+cosf
Note:
. /1
Without the “ends” the answer is 5(4 - 2x/§ ) (usually scores 6/8)
)
Total 8
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Alternative for first 4 marks:

dx sec @ tan @ + sec’ @

— = —cos
de secd +tan @
Correct derivative.
Do not condone missing brackets e.g. dx - xsec@tan @ +sec’ @ —cos O B1
d@ secH+tand
unless a correct expression is implied by subsequent work. Award when a correct expression
is seen but note that other forms are possible
€.g sec@d—cos@, tan@sinf
2 . 2
1+ d_y =1+ Lﬂe
dx secd —cos @
4 Ml
Attempts 1 + 1 with & = 4 x 49
dx dx dé dx
[ dy ) dx
S=(27) | coso, |1+ e AT
dx) do
[
—sin@ Y
=(27) | cosO,[1+| ——— | (secO—cosH)db
secH —cos O
. o dx _dy Ml
Applies a correct surface area formula using their @ and their a
with or without the 27z
—sing Y
For reference: ,[1+| ——— (sec 6 —cos H) =tan ¢
secl —cos O
Allow 7 in front of the integral but must be an integral
( 272_) ‘[ sing do Fully correct simplified integral with or Al

without the 27
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Question
Number Scheme Notes Marks
3(a) X x Takes “sech” of both sides and differentiates
y=arsech| — |=sechy=—
2 2 . dx
to obtain — = k sech y tanh y or M1
dx dy
— —=—2sech ytanh y .
dy equivalent.
2
-
dy 2 2
¥ 2
MI1: Replaces sech y with g and tanh y with ,[1— (Ej MIAl
. . dx dy . .
Al: Correct equation involving d—ora in any form in terms of x only.
y
d_)’ _ —2 Correct derivative in the required form or
== Al
dx /42 correct values for p and ¢.
“)
(@) _arsech %) = sech v = Takes “sech” of both sides, changes to
Way 2 Y= 2 Y= 2 “cosh” and differentiates to obtain M
2 i dy 2 sinh dy _ or equival
== - =—= —_—=— quivalent.
= coshy x:>s1nhydx 2 ydx 2
d 2 2
:>ay:_xzsinh T 2
e
X — | -1
by
2)? MIAL
M1: Replaces sinh y with , || — | —1
X
.. . dx dy . .
Al: Correct equation involving d—ora in any form in terms of x only.
d_)’ _ —2 Correct derivative in the required form or
== Al
dx  y\J4—x? correct values for p and ¢.
(a) —arsech| > | = y = arcosh 2
Way 3 Y= 2) 7T X Ml
Changes to “arcosh” correctly. Score this as the second M mark on EPEN.
y___ 1 2
dx ( 5 jz x*
=1 -1
X
. . k
M1: Differentiates to the form ——— oe
2\ MI1Al
2
X (j -1
X
.. . dx dy . .
Al: Correct equation involving d—ora in any form in terms of x only.
ly
Score this as the first M mark and first A mark on EPEN.
dy __ 2 Correct derivative in the required form or
Al
dx i 4—y2 correct values for p and ¢.
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(@)
Way 4

2 2

x X X x

= h| = |=sechy===|>=| =sech’ y=tanhy=|1—-| =
y = arsec (2) sech y > [2) sech” y anh y \/ (2)

1
2 2
= sech’ yd—y: —x(l—x—J
dx

2
Differentiates to sech? y% = kx(l — XTJ ’ or equivalent

M1

1 1 1

= sech’ yd—y:—x(l—x—zj ’ :x—zd—yz—x(l—x—zj ’ :>d_y:_i[1_x_2J ’
dx 4 4 dx 4 & x| 4

2%

M1: Replaces sech? y with (—)

dx d
Al: Correct equation involving —or—y

q in any form in terms of x only.
y

MIA1

- dy _ —2 Correct derivative in the required form or
dx  y\J4—«2 correct values for p and ¢.

Al

(a)
Way 5

2
y = arsech (%j =sechy= g = y =artanh| ,|1— (%)

Changes to “artanh” correctly. Score this as the second M mark on EPEN.

M1

1
(-%)
La :

X ——

dX 2
1—(1—x’j 2
4
2\2
k{l _QJ
M1: Differentiates to the form ————%—

x2 (0]
- 1-2

dx d
Al: Correct equation involving d—oray in any form in terms of x only.
y
Score this as the first M mark and first A mark on EPEN.

MI1Al

- dy _ —2 Correct derivative in the required form or
dx  y\J4—«2 correct values for p and g.

Al

There may be other methods used.
If you are in any doubt if the method deserves any marks use Review.
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b
®) f(x)ztanh’l (x)+sech’1 (gj:f’(x): 1 2

1—-x

. . p Blft
Correct f'(x) following through their (a) of the form

=

ST
|

=

Also allow with “made up” p and ¢ or the letters p and g.

| 2
01 =l o)

dy

Ml
Sets a = 0 with their (a) of the form P

xy/q —x°

and squares both sides to reach a quartic equation

5x*—12x*+4=0 Correct quartic Al

Solves their quartic equation to obtain a value

5x—12x*+4=0=>x"=2, 0.4 for x” and proceeds to a value for x. Apply Ml
=>Xx=... usual rules for solving and check if
necessary. Allow complex roots.

Correct exact answer (allow equivalents e.g.

N

\/5 — ). If any extra answers given score A0
xX=,=
5

/2
eg x==%x, |—
5

Al

)

Total 9

Special case:

It is possible for a correct solution in (b) following a sign error in (a) e.g.
y__ 2
dx  x\4-x?

f(x)=tanh™ (x)+sech™ (gj =f'(x)= =

! + 2 =O:>2(1—x2):—x 4—x2:4(1—x2)2=x2(4—x2) etc.

1—x? xV4— x>

This is likely to score M1IM1AOQOAOQ in (a) but allow full recovery in (b) if it leads to the correct answer.
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Question

Number Scheme Notes Marks
4(a) 3 k2
A=3=>M-3l|=k 2 0/=0=3(8)—k(4k)+2(-4)=0
2 0 4
ore.g.
6-1 k 2
M-2Al|=| £k 5-2 0 |=0
Ml
2 0 T-A
=(6-2)(5-4)(7-2)—k(k(7-2))+2(0-2(5-2))=0=>24—k(4k)-8=0
Correct interpretation of 3 being an eigenvalue leading to the formation of a quadratic
equation in & only.
If the method for forming the determinant is not clear then look for at least 2 correct
“components”.
NB rule of Sarrus gives 24 — 8 — 4k* =0
) _ Solves quadratic.
=4k =16=k=.. Depends on the first M. dM1
k=+2 Correct values Al
3)
(@) 6 2\( x X 6x+ky+2z=3x
Way 2
k5 0ly|=3ly|= k+5y=3y
2 TNz z 2x+7z=3z M1
1 1 K’ k?
zZ=——=X, y=——kx:>6x——x—x:3x:>—:2
2 2 2
Eliminates z and y and reaches a quadratic equation in & only
2 .
_ _ Solves quadratic.
PR 2=k =.. Depends on the first M. dMl
k=+2 Correct values Al
(b) 6-4 -2 2
k==2=>M-Al|=| 2 5-12 0
2 0 7-1
Ml
= (6-2)(7-2)(5-2)+2(24~14)+2(22-10) =0
Applies a value of £ from (a) and a recognisable attempt at the characteristic equation (the “=
0” is not needed here).
If the method is not clear then look for at least 2 correct “components”.
Solves cubic. May use A = 3 as a factor or
= A —1822+991-162=0=> 1 =... calculator to solve. Depends on the first dM1
mark. Allow complex roots.
_ Correct values.
A=6,9 (’3) Allow to come from k=2 Al
(&)
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(© 6 -2 2\(x x 6x—2y+2z=3x x
-2 5 O0lly|=3ly|=2x+5y=3y =|y|=..
2 TN\ z z 2x+7z=3z z
or
3 -2 2)(x) (0) 6x-2y+2z=0 (x Ml
-2 2 0|ly|=|0|=2x+5y=0 =|y|=..
2 0 4)\z 0 2x+7z=0 z

Correct strategy for finding the eigenvector using a value of £ from (a)
Note that the cross product of any 2 rows or columns of M — 31 gives an eigenvector

2

p| 2 Any correct eigenvector Al
-1
2

% 2 Any correct normalised eigenvector Al
-1

(&)
Total 9
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Question
Number

Scheme Notes

Marks

(i)

Correct completion of the square

2
x*=3x+5= (x—éj 11

B1

=sinh” 12x-3

Im JJ— N (+C)

M1: Use of sinh™
Al: Fully correct expression (condone omission of + ¢)

3 . -1 X —
—\/j 2 (+c), sinh i (+¢)
4 2

Allow equivalents for sinh™! e.g. arsinh, arcsinh but not arsin or arcsin

Allow equivalent correct expressions e.g. sinh~ 1

MI1Al

You may see logarithmic forms for the answer:

e.g. In 2x—3+ (2x_3j2+1 In x—3+ (X_ETJFE
R BT N ’ 2 2) 4

but apply isw once a correct answer is seen.

3

(i)

) 63 1Y
63+4x—4x ——4()6 —x—T Obtains —4| | x==| *... | or

2
-4 (x—lj o ( 1]2
o) 4 —4 x—E +...o0r

MI

12 1)’
-4 [x—a) —16 | or 64—4 x——)

or

64—(2x~1Y’

Correct completion of the square

Al

1 1 2x—1
dx = —sin™' (—j +c
.[\/63+4x—4x2 2 8 (+e)

MI1: Use of sin™'
Al: Fully correct expression (condone omission of + ¢)

. . 1 P | X _% 1 . %_ X
Allow equivalent correct expressions €.g. Esm T(+c), —Esm T(+ c)

Allow equivalents for sin™! e.g. arsin, arcsin but not arsinh or arcsinh

MIA1

“4)

dx

In (i1) there are no marks for using J. \/ ! = dx=— -‘- \/ - 1
63+4x—4x 4x° —63—4x

But if completion of square attempted first allow M1A1 e.g. for

J el s

dx but then MO for —

-1
I ,sz-4)2—64dx

Total 7
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Question
Number

Scheme Notes

Marks

6(a)

. X - .-l
je" sin” xdx=-¢e" sin” x—njex sin”” xcosxdx

Applies integration by parts to obtain te* sin” x + ajex sin"”" x cos x dx

MI

=e'sin"x—n {ex sin"”" xcos x — J‘ e" ((n —1)sin"~ xcos’ x —sin”" x) dx}
M1: Applies integration by parts to t« '[ e"sin”” xcosxdx to obtain
+e*sin" xcosx + J.ex (a sin"~* xcos” x — fsin” x) dx
Or equivalent e.g. Te"sin""' xcosx + je’“ (a sin"~* x— fsin” x) dx

(if Pythagoras applied first)
Al: Fully correct expression for 7, from parts applied twice.

dM1A1

= e sin” x —n{e" sin" xcosx— Iex ((n —1)sin"~ x(l —sin’ x) —sin” x)dx}

Applies cos” x =1—sin’ x

dM1

=¢" sin” x—n{ex sin”™! xcosx—J.ex ((n—l)sin“2 x—(n—1)sin" x—sin" x)dx}

—=¢” sin” x—n{ex sin”"™! xcosx—jex ((n —1)sin"” x—nsin” x)dx}

=e"sin" x—ne*sin" xcosx+n(n—1)1,_,—n’l, =1, =...

Completes by introducing /,.» and /, and makes /, the subject

dM1

e'sin""x, . n(n-1)

2—(smx —ncos x) +—— 1,
n +1 n +1

Fully correct proof with no errors but allow e.g. the occasional missing “dx” but any clear

errors must be recovered before final answer e.g. missing brackets.

I =

Al*

©)
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(b) e sin’ 12
. =—x(sinx—4cosx)+—l2
17
o or , M1
e'sinx, .
I, = 5 a (s1nx—200sx)+§lo
Applies the reduction formula once
X 123 x -
e'sin” x, . 12( e"sinx, . 2
=————(sinx—4cosx)+— (sinx—2cosx)+=1,
7 17 5 5
e“sin’ x , . 12e"sinx , . 24 |
=—(s1nx—4cosx)+—(smx—2cosx)+—e M1
17 85
Applies the reduction formula again and uses /, = jex dx =e" to obtain an expression in
terms of x
z x .3 X z
. e'sin” x, . 12e"sinx , . 24 |2
I *e"sin® xdx =| ———(sinx—4cosx)+-—————(sinx—2cosx) + —e"
0 17 85 85 |,
e2 12e? 24e? 24 dM1
17 85 85 85
. T
Uses the limits 0 and — and subtracts. Depends on both previous marks.
_4le’ 24
85 85 Al
Correct expression or correct values e.g. A =..., B= ...
| “)
Note that the limits may be applied as they go e.g.:
e? 12
Ml: [, =—(1-0)+—1,
17 17
e2
L=S(1-0)+21,
5
I, = e? -1
2 5 z
mime: 7, =S4 1280 20y
17 17} 5 5
Al: _4le> 24
85 85
Total 10
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Question
Number Scheme Notes Marks
7(a) 4
x-3 _Y- 5 _Z- 4 —r=|5]+1l -2 Converts to parametric form. “r =" is M1
4 -2 7 B not required
7
2x+dy-z=1 Correct strategy for finding P. Condone
:>2(3+4/1)+4(5—2/1)—4—7ﬂ=1 the use of 2x+4y—z=0 Ml
= )= (3) = Pis ... for the plane equation.
(1 5.-1, 2 5) Correct coordinates. Condone if given Al
as a vector.
3)
() x—3 y-5 =132 Uses the Cartesian equation to find x in Ml
Way 2 4 B Y terms of y
o _ o Correct strategy for finding P. Condone
2xtdy-z=1=26-dy+dy-z=1 the use of 2x+4y—-z=0 Ml
DzZ=aL,X=.,V=..
for the plane equation.
(1 5.-1, 2 5) Correct coordinates. Condone if given Al
as a vector.
(b) 4 2 .
Applies the scalar product between the
—2 |e| 4|=8-8-T7=-7 direction of /; and the normal to the Ml
7 1 plane
Examples:
¢ =cos™ = ¢ =sin"' =7
J69421 J6921 dM1
Attempts to find a relevant angle in degrees or radians.
Depends on the first method mark.
Allow awrt 10.6 but do not isw and
0=10.6° mark the final answer. Al
For reference € =10.5965654°
3)
W(b) ) 4 2 26
a
y 2 lx| 4|=|_18 Attempts vector product of normal to I7 M1
7 1 20 and direction of /;
V267 +18% +20% =/21/69 sina
Attempts to find a relevant angle. dM1
_ 10v/46 —~ o= Depends on the first method mark.
69
Allow awrt 10.6 but do not isw and
0=10.6° mark the final answer. Al
For reference & =10.5965654°
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¢ .
) ! ] k 26 Attempts vector product of normal to 17
a=2 4 -lj=-I8 and direction of /,. If no method is seen | M1
4 -2 7 -20 expect at least 2 correct components.
i i k 49 Attempts vector product of “a” with
13 -9 —10/=|—7 normal to 7 to find direction of /» MI
2 4 -1 70 Correct direction for /, Al
15 7 Depends on both previous M marks
Attempts vector equation using their ddM1
r=-1{+u| -1 direction vector and their P
25 10 Correct equation or gny equivalent Al
correct vector equation
)
(© A=1=(7, 3, 11) lieson /,
Way 2
7 2
r=|3 (+¢| 4
11 -1 Complete method to find a point on Ml
= 2(7+2t)+4(3+4t)-11+1=1
2 17 1 35).
l=——=|—,—-,— |isonk
3 3 3 3
15 17 28 Uses their point and their P to find M1
o . 1 direction of /»
Direction of Lis | =1 |—=| 1 |=—=| -4
25 3 35 40 Correct direction for /» Al
Attempts vector equation using their
15 7 direction vector and their point on / ddM1
r=|-1|+u| -1 Correct equation or any equivalent
25 10 correct vector equation. Must have r = | Al
and not eg. L=...
(¢) Normal to plane from /;
Way 3 3 2
r=|5|+t| 4
4 -1 Complete method to find a point on / M1
= 2(3+2t)+4(5+4t)-(4-1)=1
t=—1:>(1, 1, 5) isonh
15 1 14 Uses their point and their P to find
o Ml
o . direction of l»
Direction of Lis | =1 || 1 |=]| -2
25 5 20 Correct direction for /» Al
Attempts vector equation using their
! 7 direction vector and their point on /, ddM1
r=|1+ul -1 Correct equation or any equivalent
5 10 correct vector equation. Must have r = | Al
and not eg. L=...
Total 11
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Question

Number Scheme Notes Marks
8(a) b2=a2(l—ez):>4=9(1—ez):>e=...
or e.g. Uses a correct formula with ¢ and b
Ml
b2 correctly placed to find a value for e
e=,\l-—=e=...
a
Correct value (or equivalent
T3 e= iT scores AO
2
(b)(@)
(+ae, 0)=(++/5, 0) or i33§i,0
Blft
Correct foci. Must be coordinates but allow unsimplified and isw if necessary.
Follow through their e so allow for (+ 3 xtheir e, 0)
(i) x:ig:ii or x=*——
PN &
3 Blft
Correct directrices. Must be equations but allow unsimplified and isw if necessary.
Follow through their e so allow for x = + 3/their e
2
Special case:
Use of @’ for a and b” for b consistently scores MOAO in (a) and B1ft B1ft in (b)
. V65 81
This gives e = ——, (i\/65, 0), x=t—
9 65
c dx . d
© —=-3siné6, —y=2cost9
dée dé
or
2_x " 2_)’ d_y —0 Correct strategy for the gradient of / in
9 4 dx terms of 4.
or M1
1 s Allow d_y = 2 CO.S 4 to be stated.
4x* 2 dy  4x 4x* ) 2 dx -3sind
y=|4- =>—=—|4——
9 dx 9 9
d
SO [ 2e0s0
dx —3siné
2 cos O Correct straight line method (any
y—2sinf = - (x —3cosf ) complete method). Finding the equation | M1
—3sind of the normal is MO.
—3ysin@+6sin’ @ = 2xcos @ —6¢cos’ O Cso with at least one intermediate line of INE.
2xcos@+3ysinf =6* working
(&)
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long as they are single fractions

12cos@ 18sind 12cos@ 18siné
- ) y= 22 X = 2 Y= 2
4+5sin“ @ 4+5sin” 6@ 9—-5cos” 6 9—5cos” @

e.g. X

d 3sin @
@ L: y= S Correct equation for /» B1
2cosé
: 3siné
2 + = =
xcosf+3ysim6 =6,y 2cos b . Complete method for Q M1
=S X=.,y=..
[ 12cos @ 18sin @
" 4cos?@+9sin” @ 4cos’> @+9sin’ @
Correct coordinates. Allow as x =..., y =... and allow equivalent correct expressions as Al

(€]
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(e) y 3 Uses their coordinates of Q to attempt an
AtQ, —=—tanf equation connecting x, y and 0 or states | M1
x 2 or uses the equation found in (d)
4y°
144| 1
12cos @ 12secd 144 sec? O [ M 9x2]
x:400529+9sin20=4+9tan29:x2: 2 2
(4+9tan’ 0) 4y°
4+9x——
9x
or
_ 18sind _12secOtan O
Y 4cos’@+9sin’d  4+9tan’ O dMl1
2 2
324 142 |4
, 324sec’@tan’ 0 9x* ) 9x
" (4+9wn’0) 4y Y’
(4+91tan’6) (4+9x yzj
9x
Eliminates 6
Depends on the first mark.
2 9 2 + 4 2
= x’ =x(x—);) :>(x2 +yz)2 =9x7 +4y7
(x2 +y2)
or Al
2\? 42 5
= 9x16x>y? 1+2 | =4x18|1+22 :>(x2+y2) =9x" +4y°
x° 9x?
Correct equation or correct values for a and f.
| ©)
(e) 2
Way 2 12cos @ 18sin @ o\ | 144cos® 6 +324sin” 6
X = -2 Y= -2:(x+): .2 0\2
4+5sin” 0 4+5sin” 0 (4+5$1n 9) M1
2
Uses their O to obtain an expression for (xz + yz) in terms of 0
2 2 5 2
144cos’ 0 +324sin’ 0 | [ 144+180sin’@ | | 36(4+5sin’0) 1296
(4+55in2 0)2 (4+5$in2 49)2 (4+5sin2 49)2 (44—55in2 9)2
1296 144 cos’ 0 324sin’ 0 dM1
—2=ax2+ﬂy2=a cos >+ f st s> a=.,p=..
(4+5$in2 49) (4+55in2 9) (4+58il’12 0)
Substitutes into the given answer and solves for a and f
Depends on the first mark.
p -
( e yz) —9y2 4 4y2 S(;lr’lrg(; expression or correct values for Al
Total 13

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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Question
Number

Scheme

Marks

1(a)

A —A B -B A_ —A B_ -B
(coshAcosthLsinhAsinhB:)(e Ze j[e +26 )Jr(e 2e j(e 2e j

A+B A-B B-4

e +e +e A+B _ | A-B B—-A4 —A-B

+e " f+e
4

Expresses the lhs in terms of exponentials correctly, combines terms and combines
fractions with common denominator (Brackets not needed due to fraction lines)

Ml

DedtB _|_2e—(A+B) eAtB +e—(A+B)

4
Fully correct proof with no errors

= cosh(A+B)*

AT*

|

2

(b)

cosh(x+1In2)=coshxcosh(In2)+sinh xsinh (In2)

1 1
= 2+5 cosh x + 25 sinh x
2 2

Applies the result from part (a) and evaluates both cosh(In2) and sinh(In2)
Use of (a) must be seen

M1

Collects terms and reaches
acosh x =bsinh x oe
Depends on the first M mark

Ecoshx+§sinhx=53inhx
4 4

:>§coshx:l—7$inhx
4 4

dM1

Scoshx=17sinhx oe Correct equation

Al

Moves to tanh x and uses the correct
logarithmic form for artanhx or reverts to
exponential forms and solves for x
Depends on both M marks

11{1}
2 \1-3
Or
e*—-1 5
—_——— == Xx=..
e +1 17

ddM1

. . 11
Cao (Accept integer multiples of gj

1 (llj
x=—In| —
2 6

Al

(6))

Total 7
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Way 2 \
(b) cosh(x+1In2)=cosh xcosh(In2)+sinh xsinh(In2)
2+1 2-1) .
= coshx+ Z |sinh x
( 2 j ( 2 j M
Applies the result from part (a) and evaluates both cosh(In2) and sinh(In2)
Use of (a) must be seen
= 5coshx =17sinh x
dM1: Collects terms and reaches an equation of form 4 cosh x = Bsinh x dM1A1
Al: Correct equation
S(e +e ]zn(e —e j
2 2
22 i
126" =206 = o2 = 2% sy v Changes to exponentials (correct forms) JdM1
6 And solves for x
1, (11 ) ) 11
X = Eln 5 Cao | Accept integer multiples of i Al
Way 3

cosh(x+1In2)=coshxcosh(In2)+sinh xsinh (In2)

ex + e—x elr12 + efln2 . ex _e—x elr12 _efan B 5 ex _efx
2 2 2 2 2 Ml

Applies the result from part (a) and uses the exponential forms of the hyperbolic
functions.
Use of (a) must be seen

In2 -In2
eg Se'+5¢ =17¢" —17¢ oe Evaluates ¢"* and €™ and starts to IMI
collect terms

11
126 =22 =™ = " Correct value for ¢** Al
X=.. Solves for x ddM1
1 11 ) ) 11
X= Eln 5 Cao | Accept integer multiples of i Al

NB: Squaring and obtaining a value for sinhx or coshx introduces extra answers. If these extra answers are
then eliminated M1A1 is available but if no attempt at elimination is made award MOAO
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Question
Number Scheme Notes Marks
Throughout both parts of this question do not penalise omission of dx or d&
20 (v A\ Correct completion of the square
2(i) S+dx—x=9-(x-2) oe Any correct result Bl
1 1 . -2
j — dx =J‘ — dx =sin™ (XTJ(—M)
VS5+4x—x ,/9_(x_2) MIAL
MI: Obtains ksin™ f(x)
Al: Correct integration (+ ¢ not needed)
3)
(i) x=6=0="
3
=23 0= % Correct 4 limits in radians Bl
18 18x3secHtan @
3 dx= 3 do
(x2 —9)2 (9se02¢9—9)2
MIl
18
MI1: For 3 x(theirﬂjdé’
((35606’)2 —9)2 do
S54secftan @ secftan @ sin@cos’ 0
3 dO0=54 3, dO=2 2 pi3pn dl
(9sec29—9)2 27tan” 0 cos” @sin” @
Al
cos @ secd
21 sin2o dd oe eg?2 tan2 0 déo
Correct simplified integral
cos @
2| Gntg 40=2] cosecOcotd df=—2cosech(+c) "l
Obtains kcosecO(+c)
. ju ju Uses changed limits correctly.
[-2cosecd]” =-2cosec 3+ 2cosec < Depends on all previous method dM1
’ marks.
4 Cao
—4--3 Allow these 2 marks if limits have Al
3 been given in degrees
©)
Total 9
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ALT For B1 and final dAM1A1 of (ii)

dM1: Reverse the substitution Al: Correct reversed result
Al: enter as B1 on e-PEN Correct final answer
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i
I%Efsbl :rn Scheme Notes Marks
3(a) :
3 Correct value seen in (a) B1
@
(b) -2 5 0)x) (8 —2x+5y =8x x
5 1 3|y|=|8y|=5x+y-3z=8y=|y|=..
0 -3 6J)lz) |8 —3y+6z=8z z Ml
Correct method for the eigenvector
(making a variable equal to O is not a correct method)
X 1
yi=| 2 Any correct eigenvector Al
z -3
2
© 2-1 5 0
M-21]=| 5 1-2 -3|=0
0 -3 6-1 M1
= (-2-2)[(1-2)(6-4)-9]-5[5(6-1)|=0= A=..
NB CE is A’ —51> —421+144 =0 but may only find the constant term
Correct third eigenvalue
The work for these 2 marks may be
A=-6 seen in (a) — award them Al
Correct third eigenvalue by a
different method — send to review
3 0
pD=|0 8 C(.)rrec't D following through their Alft
third eigenvalue
0 0 -6
-2 5 0 x —6x —2x+5y=-6x X -5
5 1 3|ly|=|-6y|=5x+y-3z=-6y=|y|=|| 4 Mi
0 -3 6)\z —6z -3y+6z=—-6z z 1
Correct strategy for 3™ eigenvector
1 1 5
NE) J14 J42 Fully correct matrix consistent with
P 1 2 4 their D Al
3 J14 Va2 May have ﬁ etc
R 3
5 T Im
(6]
Total 8
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Notes Marks

Question
Number Scheme

4. [
y =artanh

cosx+a
COSXx—a

B (cosx—a)x—sinx—(cosx+a)x—sinx

a_ 7% 2
1_(cosx+a) (cosx—a)

dy 1

cosx—a
dy 1 . -1 ) _
or —= 2><(—smx><(cosx—a) +(cosx+a)xsmx(cosx—a) )
dx |_[cosx+a
N MIAI1

cosx—a
M1: Correct method for the derivative.

! > x An attempt at the quotient (or product) rule.

CosSx+a

This requires
1—

cosx—a
Al: Correct derivative in any form

2 . .
(cosx—a) 2asinx _ 2asinx _

(cosx—cz)2 —(cosx+a)2 (cosx—az)2 "~ —4acosx
. dM1
sin x

or Atanx

Uses correct processing to reach 4
cos X

Depends on the first method mark.

Al @

CSO

1
=——tanx
2

_cosx+a dy  2asinx

cosx+a 5
—):tanhy——:sech y—=—"
dx  (cosx—a) M

Way 2
y y= artanh(
cosx—a

CoOSXx—a

d .
Y —an attempt at the quotient or product rule

Takes tanh of both sides, obtains sech” y
dx
1 2asin x
x

b _

- 2 2

dx 1_(cosx+aj (cosx—a) Al
cosx—a

Correct derivative in any form

2 . .
(cosx—a) 2asin x 2asinx

(cosx—a)2 —(cosx+a)2 (cosx—a)2 ~ —4acosx
dM1

sin x

or Atanx

Uses correct processing to reach 4
cosXx

Depends on the first method mark.

Al @

CSO

1
=——tanx
2
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Way 3

Uses substitution = <> , obtains du = Zasinx = | by quotient rule and
cosx—a (cosx—a
: M1
d—y(= ! 5 j followed by chain rule to obtain Y = ! =X Zasin x -
du\ 1-u dx 1_(cosx+aj (cosx—a)
cosx—a
Correct derivative in any form Al
Uses correct processing to reach A Yo Atan x
COS X dM1
Depends on the first method mark.
=3 tan x Cso Al “)
Total 4
Way 4 | cosx +a
:—ln cosx a :ll ( Cosxj
_cosx+a | 2 a M1: Converts to correct In form and uses
cosx—a chain rule to differentiate MI1A1
dy 1 sin x A1l: Correct derivative in any form
dx 5 _cosx x a
a
. sin x
Uses correct processing to reach A4 or Atanx
coS X dM1
Depends on the first method mark.
=— 1 tan x CSO Al
2

@
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Question
Number

Scheme Notes

Marks

5

x=4e*, y=¢ —t 0<t< 4

- =¢' -1 Correct derivatives

B1

NB: Allow missing dz in the following integration work

5- (zﬂ)j y\/(%j {%} (dr) = (zﬂ)J-(ef ) \/[QT (e —t) (dr)

[ (2n)j(e’ - t)\/4e’ +e* =2e' +1 (dt)}

Applies the surface area formula with or w/o the 27

Ml

Correct simplified integral
Brackets must be present unless implied by
=(27) I(e’ - t) (e’ + 1) (dr) subsequent work but award by implication if

(27{)](6” +e' —te' —t)(dt) is seen

Al

=(27) [ (¢ =) +1)(ar) = (27) [ (e e =t =1)(a1)
=(2ﬂ)[lez’ +e' —te' +e —ltz}
2 2
Bl: Forjte’ dr =te' —¢' (+c)
Al: Fully correct integration

(the integration may be shown as 2 separate parts and score BIA1 if both parts
correct)

B1Al

NV I | L s ns g 1
=2r| —e“" +2e —te' ——¢t" | =27w<| —e"+2e —4e" -8 || —+2
2 2, 2 2

Applies the limits 0 and 4 Must include 27 now.
If 2 integrals have been used limits must be applied to both and the results added
Depends on the first M mark (and some valid integration)

dM1

7r(e8 —4¢* —21) Cao

Al

@)

Total 7
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estion
IQ\Illllmb or Scheme Notes Marks
6(a) X I 3
A=| 2 4 x
-4 -2 -1
NB: Work for (a) can only be awarded in (a)
Correct determinant attempt (expand by
any row or column) or use the Rule of
|A|=x(-4+2x)—(-2+4x)+3(—4+16) | Sarrus (send to review if unsure) M1
Sign errors allowed only within the
brackets
=2y’ —8x+38 Correct simplified determinant Al
2x* —8x+38=2(x—2) +30
or Starts the process of showing det A # 0
d 5 E.g. Completes the square, finds the
a (2x —8x+ 38) =4x—8=0=x=2 | Hinimum point or finds discriminant Ml
5 May find discriminant of
=2x —-8x+38=... )
X —4x+19=..
or
b* —dac=64—4x2x38=..
Appropriate reasoning for their chosen
2x% —8x+38 > 30 method gnd a conclusion s‘Eating that A
is non-singular. All 3 previous marks
) or needed Al
b*—4ac<0 (No need to evaluate a discriminant, so €0
Therefore det A # 0 which means A is non- | ISW slips in calculation provided
singular 64-4x2x38=..or 16-4x19=...
seen
Q)]
(b) X 1 3 —4+2x -2+4x —-4+16 —44+2x 2-4x 12
2 4 x|->| -146 —x+12 -2x+4|—>| -5 -x+12  2x-4
-4 -2 -1 x—12 x’—6  4x-2 x—12 ~x’+6 4x-2 MIA1
M1: Applies the correct method to reach at least a matrix of cofactors
2 correct rows or 2 correct columns needed
Al: Correct cofactor matrix
—44+2x 2-4x 12 —4+2x -5 x—12
-5 —x+12  2x-4|—>| 2-4x —x+12 -x"+6
x—12  —x’+6 4x-2 12 2x—4 4x-2
. —44+2x -5 x—12
Al=—s———| 2-4x —x+12 ~x’+6 dM1Al
2x" —8x+38
12 2x—4 4x-2

dM1: Transposes and divides by their determinant.
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If their original determinant has been divided by 2 (acceptable for (a)) and then used
here it is not their determinant and so scores dMO
2 correct rows or 2 correct columns needed from their previous matrix
Depends on previous method mark.
A1l: Correct matrix

Q)]

Total 8
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Question
Number Scheme Notes Marks
7. n
. j IS < Ji0
\/10 x’
® I, j dr= J. Writ ! Ml
= rites X" as xxx"
V10 —x? V10 —x?
% 1 1
X (10-x7)2 +(n —1)'.Ax"-2 (10—x7)2 dx
\/10 x
N dM1: Uses integration bly parts to obtain 1 dMIA]
2 e=ax™! (lO—xz)2 +ﬂjx”_2 (10—x2)2 dx
V10— x?
Al: Correct expression
1
=...+(n —1)"-x"2 (10-x)(10-x7) 2 dx
1 !
=...+10(n—1)J-x"_2 (10-x7) > dx—(n—l)jx” (10-x7) 2 dx dM1
1 1
Applies (1 0—x° )2 = (10 —x’ )(l 0—x° ) 2 and splits into 2 integrals
:...+10(n—1)]_2—(n—1)] ] Introduces 7,2 aqd I, and makes dM1
" " " progress to the given result
1
nl, = IO(n —1)[”_2 —x"! (10—x2)2 *
k
Fully correct proof with no errors (recovery of missing brackets counts as an error) as Al
does missing dx
| (6)
(b) Jio
R [ "
Correct method for /; Limits can be substltuted later
Applies the reduction formula at least
1
I,=10x41, +... 2
35 =104l + once Allow with 3 or {—x“ (10—x2)2} Mi
0
g:sg—éz%ggl—Q—izkﬁl—fé
5 3 5 3 5
160 43
ISZT(\/E_:S)_? Ml
Completes the process using their /; to obtain a numerical value for /5
Limits must now be substituted
1
- E(SOOJE ~2529) Cao Al
“
Total 10
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estion
I%Emb or Scheme Notes Marks
8(a) —4 3
(r=)| =5 |+¢t| 4 Forms the parametric form of the line | M1
3 -1
3 (3t - 4) +4 (4t — 5) - (3 — t) =17 Substitutes the parametric form for the
line into the plane equation and solves | dM1
== (2) for “#”. Depends on the first mark.
—4 3
5 lemom| 4 Uses their value of ¢ corrs:ctly to find IMI
3 | 0. Depends on the previous mark.
Correct coordinates Accept if written
2,3, 1
( T ) as a column vector but not with i, j, k Al @
Way 2 x+4 _rt 5 _iZ 3 Forms the Cartesian equation of the
3 4 -1 line, rearranges twice to get 2 of x, y, z | M1
eg x=f(y) z=g(») as functions of the third
Substitutes these into the plane
. . dM1
equation and solves for one coordinate
Obtains the other 2 coordinates dMl1
(2 3 1) Correct coordinates Accept if written Al
C 7 as a column vector but not with i, j, k
“)
b _
®) 2+4 1+4 2+1 Attempts 2 vectors in plane POR
PQ=|3+5|,PR=| 6+5|,RQ=|3-6| (Mustuse the given coordinates of P, | M1
1-3 4-3 1—4 ]| R and their coordinates of O
i j k 30 Attempt vector product between 2
6 8 2/=|-12 vectors in POR. Depends on the first | dM1
311 1 42 mark.
5)(2
ol 31211 Uses any of P, Q or R.to find constant. dM1
211 Depends on the previous mark.
Sx=2y+7z=11 Any correct Cartesian equation Al
“
Way 2 —4qg—-5b-3c=1 Uses the Cartesian form of the
2a+3b+c=1 equation of a plane, ax+by+cz =1, M1
and substitutes the coordinates of each of
—a+6b+dc=1 the 3 points
Solves to get a value for any of a, b or ¢ dM1
Obtains values for the other 2 dM1
5 2 7
—x——y+—z=1 Any correct Cartesian equation Al
11 117 11
“
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(©) Reflection of P in /7is
-4 3 8
504oxmonl 4l = 11 Correct strategy for another point on /3 | M1
3 -1 -1
8 -1
Attempts direction of /3. Depends on
11— 6= 5
the first mark. M1
-1 4 -5
_1 9 Forms the equation of /5 using R (or
their reflected P) and their direction. ddM1
r= 6|+4 5 Depends on the previous mark.
4 =5 Any correct equation in vector form Al “4)
Total 12
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IQ\II:E;EZ? Scheme Notes Marks
9 2 2
Y o1 y=ke-3
9 4
(a) 2 (for—3) 2 2.2
2 3 (o X R bk +9(k*x* — 6kx +9) =36
9 4 9 4 M1
Substitutes to obtain a quadratic in x and eliminates fractions
(9k2 + 4))62 —54kx+45=0%* Correct proof with no errors Al*
2)
(b) o L[ 54k ) _ 27k Uses % sum of roots for the x coordinate
209k +4 ) 9k>+4 OR Solve the equation (by formula), add
54k + /discriminant the 2 roots and halve the result. M1
OR x= — 5 Must reach x,,. Allow errors in the
2 (9k + 4) discriminant
B 27k
y=k O%’+4) 3 Uses the straight line equation to find y as
5 5 a single fraction, can be unsimplified dM1
y= 27k” =27k —12 _ 12 Depends on first M mark of (b)
9> +4 9> +4
27k 12
= Y= Fully correct work Al
9k™ +4 9k™ +4
(©))
'y 2 2
(© 2 739/( 2 :>x2+py2=729k +1442|-p
2
(9K +4) (9% +4) -
Obtains an expression for X’ + py2 using their coordinates obtained in (b) and
g
obtains a common denominator
2
729k ity 122‘1 = 729k +144p = —124 (9K +4)
(9K* +4) (9K +4)
729k +144p = 81| 9k* +E
P 97 M1
16
= 3 p=4=>p=..
Correct strategy to obtain a value for p or for ¢
Depends on the first M mark of (c)
9 27
p= 2 or q= —7 oe Correct value (or for ¢ if found first) Al
Correct strategy to obtain a value for
—12¢=8l1=¢g~=.. the second variable ddM1
Depends on both previous M marks
, 9, 27
S>X 4=y =——y
4 4 Both values correct — can be embedded
. . Al
9 27 in the equation
p=— and g=——o¢
4 4
)
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(o) 27k 12 X 27k 4x
Way 2 X=—5— Y=g === k=
ay 9%k" +4 9%k"+4 y 12 9y Ml
Obtains k in terms of x and y using their coordinates found in (b)
4 12 27[_;”]
L SO - SN 7R
9y 9 16x 4 o[ 16x° ), ,

dM1:Substitutes & into y or x to obtain a Cartesian equation
Al: Any correct Cartesian equation
Depends on the first M mark of (c)

Rearranges to the form required

Depends on both previous M marks of | ddM1
> 9, 27
=X 4y =y (©
4 4 Correct equation or correct values
Al
stated
Total 10

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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Question Scheme Notes Marks
Number
1(a)
M1: Obtains
) rx
parcsin gx + —0or
1- (sx)
dy . 1
— =3arcsin 2x + 3x ————=x2 : rx
> parcsin gx +
dx 1—(2x) NIEs
=0 M1 Al
6x p) q) r) S} t
=3arcsin 2x + ————
1—4x2 Al: Correct derivative.
Allow unsimplified and isw.
Allow sin! and condone “arsin” but “arsinh”
or “arcsinh” is MO
b 1
®) %+ 3 only but allow Eﬂ' or 0.57.
1 d . .
o Z N ay _ T \/5 Terms as a sum 1m either order. Bldep
Allow a=5, b=\/§
Isw following a correct answer.
This is a “Hence” question so this mark can only be awarded following full marks in part (a)
| Total 3
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Question
Number

Notes

Marks

2(a)

4 . .
x= 3 or any equivalent equation.

Allow x =+ i
3

B1

(0))

(b))

Way 1

a 4 .
Uses — ==+ — oe and a correct eccentricity
e

formula and obtains an equation in a.
Condone replacing b* with 25 if equation is
otherwise correct

Ml

9a* —164>-80=0
:3(%f+20xa2—4):0:>a2=m

Solves a 3TQ in a? (or equation that would
lead to a 3TQ) to find a positive real root
(usual rules — but if no working seen they

must obtain one positive real value of a* or
a correct to 3 sf which is consistent with
their equation). Do not award if confusion

with variable e.g.,

"(9a’ +20)(a2 —4) —0=>a=4"

Requires previous M mark.

dMl1

Not a = £2 unless negative rejected

Al

(€)]

Way 2

a 4 ..
Uses — ==+ — oe and a correct eccentricity
e

formula and obtains an equation in e.
Condone replacing b* with 25 if equation is
otherwise correct

MI

16¢* 166> —45=0
:>(4e2 —9)(4e2 +5)=0=¢’ =...

Solves a 3TQ in ¢ (or equation that would
lead to a 3TQ) to find a positive real root
(usual rules — but if no working seen they

must obtain one positive real value of e* or
e correct to 3 sf which is consistent with
their equation). Do not award if confusion

with variable e.g.,

"(4¢ =9)(4e’ +5)=0= e = %"

Requires previous M mark.

dM1

(ezgzj a=2
2

Not a =12 unless negative rejected but

"

. 3
condone sight of "e=+—"or "e=——
2 2

Al

(€)]
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%1?;%2? Scheme Notes Marks
2(b)(ii) 3 3 302 3 Uses a correct method to obtain a numerical
€= 3 = ae =5 x2 or ae= a4 2 x4 | expression for ae oe with their values of a,
2 72 . M1
e, a-, b* etc. however obtained. Condone
or ae:c=\/a2+b2 :\/22+5 use of a negative e or a
Foci are (i 3, 0) Both correct foci as coordinates Al
4 .
Allow " = 3 = a =4, e=3" to access the last M mark only in (b) for (il2, 0) 2
e
provided the values of both @ and e are clearly seen beforehand
Total 6

Note that it is possible to answer (ii) before (i) — e.g.,
Let foci be (ic, 0)

a’e* =c* =b*+a* =5+da’and

2
=—=a =—c

ﬂaa_24
c 3 3

4 . .
=’ =5+ g ¢ ( (i) M1: Uses correct formulae to form an equation in ¢ — condone b»*

replaced with 25 as with main scheme)
=3¢’ —4c—15=0=(3c+5)(c—3)=0=c=3
( (i) dM1: Solves 3TQ to find positive real root)
= (i3, 0) ((i)A1: Correct foci as coordinates)

a= /g x3 ( (i) M1: Correct method for a)

a =2 ((i1) Al: Correct value)
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Question

Number Scheme Notes Marks

3 Replaces one hyperbolic function with its
4tanhx —sechx =1 correct exponential equivalent. Allow for

Way 1 4 sinh x [ 1 correct replacement of just e.g., sinh x after

coshx coshx . by — sinh x Mav foll M1
Converts 4sinh x —1—cosh x = 0 using tanh x = ay tollow errors

to sinh cosh.x
and cosh 4 e —¢ - e +e _ 0 but do not allow any further marks if the

> 2 original equation was reduced to one in a
single hyperbolic function.

M1: Obtains an equation which if terms are
collected is a 3TQ (or 2TQ with no
constant) in "

Al: Correct 3TQ

3e¥ —2e"—5=0 M1 Al

M1: Solves 3TQ (or 2TQ with no constant)

in €'. Apply usual rules. If no working seen

they must achieve one correct root of their
/ equation to 3sf which may be complex. If

e’ = w (:> ﬁ = éj 2TQ must get a correct non-zero root of | M1 Al
6 6 3 their equation.

Al: Any correct unsimplified expression

for e" that includes the positive root. Must

be exact

5 2 .
lng, lnlg, In1.6 only but allow k= ... Al

No unrejected extra solutions

Total 6

e’ —e 2 Replaces one hyperbolic function with its Ml

Way 2 4 1o’ o te 1 correct exponential equivalent

M1: Obtains an equation which if terms are
collected is a 3TQ (or 2TQ with no
constant) in e
Al: Correct 3TQ

Straight

to e” 3P —2e"—-5=0 MI1 Al

M1: Solves 3TQ (or 2TQ with no constant)

in e*. Apply usual rules. If no working seen

they must achieve one correct root of their
/ equation to 3sf which may be complex. If

e’ = w (:> ﬂ = é} 2TQ must get a correct non-zero root of | M1 Al
6 6 3 their equation.

Al: Any correct unsimplified expression

for e" that includes the positive root. Must

be exact

5 2 .
lng, lnlg, In1.6 only but allow k= ... Al

No unrejected extra solutions

Total 6

In Ways 1 & 2, if they form an equation which is not a quadratic in e they must achieve

5 )
the correct exact root of g to access the middle four marks
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Question Scheme Notes Marks
Number
3 4sinh x—1=cosh x Squares (condone poor squaring) and uses a
16sinh® x —8sinh x +1 = cosh® x correct hyperbolic identity to obtain a M1
Way 3a 16sinh? x—8sinh x+1=1+sinh? x quadratic equation in sinh x
Squaring M1: Obtains a 2TQ With no constant or
(sinh) 15sinh® x—8sinh x =0 3TQ in sinh x M1 Al
Al: Correct 2TQ
Solves 2TQ (with no constant) or 3TQ in
sinh x. Apply usual rules. If 2TQ must get a
sinh x = ﬁ correct non-zero root of their equation. If M1
15 no working seen they must achieve one
correct root of their equation to 3sf which
may be complex.
2
.8 8 8
x=arsinh—=In| —+ (—j +1
15 15 15 A correct unsimplified expression for x as a
2% x B In (or any correct unsimplified expression
or 15¢™ —16e” ~15=0= for e* if they revert to exponentials). Must Al
o = 16 £+4/256+900 be exact
30
In2, 1n12, In1.6 only but allow k -
v=ln> n3,n 3,n. only butallow k=... |
No unrejected extra solutions
Total 6
4 tanh x =1+ sech x .
Way 3b 5 5 Squares (condone poor squaring) and uses a
l6tanh” x =1+ 2sechx+sech” x correct hyperbolic identity to obtain a Ml
Squaring | 16 (1 —sech’ x) =1+2sech x+sech’ x quadratic equation in sech x
(sech) M1: Obtains a 2TQ (with no constant) or
17sech” x+2sechx—15=0 3TQ in sech x M1 Al
Al: Correct 3TQ
Solves 2TQ with no constant or 3TQ in
(17 sech x — 15) (sechx+1)=0 sech x. Apply usual rules. If 2TQ must get a
correct non-zero root of their equation. If M1
sechx = 15 no working seen they must achieve one
1 correct root of their equation to 3sf which
may be complex.
17 17 |17y
x=arcosh—=In| —+,[| — | -1 o .
15 15 15 A correct unsimplified expression for x as a
In (or any correct unsimplified expression Al
or 15¢”* —34e* +15=0= for €' if they revert to exponentials). Must
o+ _ 34£/1156-900 be exact
30
5 2 .
In—, Inl—, In1.6 only but allow k= ...
x=In 3 3 3 Al
No unrejected extra solutions
Total 6
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Question Scheme Notes Marks
Number
3 4tanh x —1=sech x Squares (condone poor squaring) and uses a
16tanh® x —8tanh x +1=sech’ x correct hyperbolic identity to obtain a Ml
Way 3¢ 16tanh® x —8tanh x +1=1—tanh> x quadratic equation in tanh x
Squaring M1: Obtains a 2TQ with no constant or
(tanh) 17tanh® x —8tanhx =0 3TQ in tanh x M1 Al
Al: Correct 2TQ
Solves 2TQ with no constant or 3TQ in
tanh x. Apply usual rules. If 2TQ must get a
tanh x = 8 correct non-zero root of their equation. If M1
17 no working seen they must achieve one
correct root of their equation to 3sf which
may be complex.
8 1 1+%
x =artanh 17 Eln -8 A correct unsimplified expression for x as a
1 In (or any correct unsimplified expression Al
or 9¢™ -25=0= for " if they revert to exponentials). Must
.5 be exact
e e —
3
In>, In12, In1.6 only but allow k =
y=In> ng, ng, nl.6 only but allow k= ... Al
No unrejected extra solutions
Total 6
4sinhx =1+cosh x Squares (condone poor squaring) and uses a
Way 3d 16sinh® x =1+ 2cosh x +cosh” x correct hyperbolic identity to obtain a M1
Squaring | 16 cosh” x—16 =1+2cosh x +cosh’ x quadratic equation in cosh x
(cosh) M1: Obtains a 2TQ with no constant or
15cosh* x—2coshx—17=0 3TQ in cosh x Ml Al
Al: Correct 3TQ
Solves 2TQ (with no constant) or 3TQ in
(15 cosh x — 17) (coshx+1)=0 cosh x. Apply usual rules. If 2TQ must get a
17 correct non-zero root of their equation. If M1
cosh x = — no working seen they must achieve one
15 correct root of their equation to 3sf which
may be complex.
17 17 (17 jz
x=arcosh—=In| —+,[| — | -1 o _
15 15 15 A correct unsimplified expression for x as a
In (or any correct unsimplified expression Al
or 15¢”* —34e* +15=0= for ¢* if they revert to exponentials). Must
. 3441156900 be exact
30
5 2 .
In—, Inl—, In1.6 only but allow k= ...
x=In- 3 3 Al
3 No unrejected extra solutions
Total 6
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Question Scheme Notes Marks
Number
4(a) 1 1 1 M1: Obtains
—dr=— | ——=dx .
I 90 +16 3-[ , 16 parsinh(gx) or rln{x+\/x2+s}
/x +—
9
or l‘ln(chr\/vx2 + w)
. h 3x I . nl X
= arsinh| 7~ or Sarsinh) & (+¢) Dot s bt v, w0 Ml Al
3 Al: Any correct expression. Could be
4V unsimplified and isw. The “+¢” is not
or =Inl x+ . [x*+ (_j (+¢) required. Allow sinh and condone
3 “arcsinh”.
“arcsin” or “arsin” is MO
2
® Iz r—l———dx b he | d
T Substitutes the limits 2 and -2 into an
-2 2
92x +16 , expression of the form
= |:% arsinh (%j:| or |:§ arsinh (%ij} P arsinh (QX) or In {x + \/xz + S}
-2 0
1 [3x2j 1 (3><—2] 2 (3) ortln(ux+\/vx2+w)
= —arsinh| —— |——arsinh or —arsinh| —
3 4 3 4 3 2
OR pqrstuv,w>0
) and subtracts either way round or obtains an | M1
{l In (x n ’xz n EJ:I expression for 2 []jz
3 9 , The expression does not have to be
1 ) 1 16 consistent with their answer to (a).
=3 In [2 +4 /22 + 3J—§ In [—2 +,](=2) + 3] No rounded decimals unless exact values
recovered.
2 , 16 , 16 Any f(0) = 0 can be implied by omission.
Org In| 24,27+ 9| In| 0+,/07+ 9 Condone poor bracketing.
dM1: Obtains an expression of the form
d+e13
aln(b+c\/§) or aln i
f
where a,b,c,d, e, f areexactand > 0.
l In E + @ or l In M Condone poor bracketing.
3 2 2 3 2 Requires previous M mark. dM1 Al
Al: Any correct equivalent in an
or z In E n \/B or z n 3+ \/g appropriate form (fractions may not be in
3 2 2 3 2 simplest form) with correct bracketing if
necessary and isw. Must come from
correct work.
2 3 1
Allowe.g, a=—,b=—,c=—
3 2 2
For information the decimal answer is 0.7965038115 A3)
Total 5
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Question Scheme Notes Marks
Number
5(a) a a 1
-a 4 0 Uses a correct method for det A (implied by
4 a4 5 two correct parts) to obtain an expression in | M1
a
=a(4x5—0)—a(—5a—0 Jrl(—ar2 —(4><4))
=20a+5a’—a’-16=0
2 5y_d4—0 Correct exact value oe
= - 5441 Al
—5+4/41 Condone ——
a=—— 2
2
2)
(b)(i) a-4 a 1
Way 1 A-2l|=| -a 4-2 0 Obtains an expression for |A - AI|in terms
4 a 5-4 of aand A or just a if A is replaced by 2.
|A'ﬂl| =(a=2)(4-2)(5-2)-ax-a(5-2)+(-a’ -4(4-2)) If method unclear insist on 2 out of 3
a2 a 1 correct parts. M1
May multiply along any row/column.
or|A-2l|=|-a 2 0 Sarrus leads to the same expressions shown
4 4 3 (or the expressions all multiplied by -1 if
‘5:()77)‘
= 6(a—2)—a><—3a+(—a2 —8)
., Following use of 4 =2, forms and solves a
A=2= (a —2) x2x3+3a”—a”—=8=0 | 3TQ in a. Apply usual rules. If no working
207 +64-20=0 = a>+3a-10=0 they must obtain one correct solution for dM1
“ “ a “ their 3TQ which could be complex. Could
= (a-2)(a+5)=0 =a=.. be implied.
Requires previous M mark.
Correct value of a from correct work.
(a >0 :>)a =2 If -5 is offered imply its rejection if 2 alone | Al
is used in (ii)
If a = 2 is arrived at fortuitously, all marks are available for the remainder of the question | (3)
(b)) Ax=2x=>
ax+ay+z=2x Uses AX =2x [0r(A—2I)x:O]to
Way2 —ax+4y=2y obtain three simultaneous equations. Allow Ml
if gi t 1 vectors.
Ax = 0x Ax+ay+5z=2z if given as two equal vectors
Forms and solves a 3TQ in a. Apply usual
5 rules. If calculator used must obtain one
= a"+3a-10=0 correct solution for their 3TQ which could dM1
= (a-2)(a+5)=0 =a=.. be complex.
Could be implied.
Requires previous M mark.
Correct value of a from correct work.
(a >0 :>) a=2 If =5 is offered imply its rejection if 2 alone | Al
is used in (ii)
If a = 2 is arrived at fortuitously, all marks are available for the remainder of the question | (3)
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Question Scheme Notes Marks
Number
5(b)(ii) (2-2)(4-2)(5-2)+4(5-2)+(-4-16+42)=0 Uses their value of a in a recognisable
attempt at a characteristic equation and
3(5_1)[(2_1)(4_1)"‘4_4} =0 achieves a real non-zero eigenvalue # 2. M1
— (5 —l)(Z _ /1)(4_2) —0= 1= There must be some algebra but it may be
poor.
4and 5 Both correct (no extra) and from correct Al
work
For information the cubic is + (23 ~112%> +381— 40) =0 Q)
(© x x x 2x+2y+z=4x —2x+2y+z=0
Al y|="4"y 0r(A—"4"I) v|=0= =2x+4y=4y or -2x=0
z z z 4x+2y+5z=4z 4x+2y+z=0
OR
X X 2x+2y+z=>5x -3x+2y+z=0 M
Al y|="5" y | or(A="5"T)| y |=0=  —2x+4y=5y or —2x—y=0
z z z 4x+2y+5z=5z 4x+2y+z=0
Uses AX=Ax or (A — AI) X = 0 with their value of a and a real non-zero value of
A # 2 to obtain three simultaneous equations (allow if given as two equal vectors)
Alternatively attempts vector product of two rows of A —"4"1
0 1 One correct eigenvector.
As shown or multiple or with components
-1 or & -2 multiplied by e.g. “k” Al
2 7 Accepte.g., x=0, y=—1,z=2
Both correct eigenvectors. As shown or
0 1 multiple or with components multiplied by
_ _ e.g k
-1 and £\ -2 Accept x=..., y=...,z=... Al
2 7 Both these 2 A marks could be implied by
their normalised eigenvectors
0 1 M1: A correct method to normalise at least
+ , + Ll o] e one of their eigenvectors MI Al
50, 54| Al: Both correct. Allow any exact
equivalents. Isw
All marks available regardless of howa =2, 4, =4 & A, =5 have been obtained )
Total 12
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Question
Number

Scheme

Notes

Marks

6(a)

dx
do

a(l-cos0)

= or or

a—acos@

dy

—— =gqsin@

At least one correct derivative

B1

a’ (1-cos «9)2 +(asin 9)2

=24’ (1-cos6)

a’ (1—20039+0052 6 +sin’ H)

Squares and adds their derivatives and uses
cos” @ +sin’ @ = 1to obtain an expression

in cos @ only (not cos’ @)
Could be implied

Ml

=2a*|1- 1—2sin2(€j :4azsin2Q
2 2

dM1: Replaces cos@ with £1 +2sin’ g or

equivalent trig work (sign errors only on
identities) to obtain an expression in

., 0

2

sin” —onl
> y

Requires previous M mark.
Can be implied.

A1: Achieves4a? sin” g or k=4 from

correct work

dM1 Al

Q)]

(b)

S.A.

el

)+

2
d_yj 40
dé

(27) .0
- (27;)]@ a(1-cos 6)(2a sin Ejdé’

w85 -(2)]

with their ka” sin’ g and square roots. The
result of the square root may be incorrect
but must be of the form p sing
Allow a slip replacing y but they must not
have used x, (;ﬂ or b fory

do
Allow the letter £ or an invented value.

27t may be absent or wrong. Integral not
required.

Mil

=(27)2a’ J.((:)”) (sin g —sin g cos 49) do

= (27)2d° ‘[(2”) (sin g —sin g (2 cos’ g - ID deo

(0)

or e.g., = (27)2a’ J.((Oz)”)

2sin

3gdé?
2

Uses trig identity/identities (condoning sign
errors) to obtain an expression with

arguments of 5 only.

Allow the letter & or an invented value.
27 may be absent or wrong. Integral not
required.

Dependent on previous M mark.

dM1

Scheme continues...
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Question
Number

Scheme Notes

Marks

6(b)

cont.

el . 0 6 0 A correct expression for the surface area
(: (2r)da’ I(O) (sm 5 sin 5 cos’ Ej d@} ignoring limits ft their numerical %, i.e.,

0 2 )
0 2 91 S =2kra’ [—2 cos —+ = cos’ —} oe
S =8ra’ [—2cos—+—c0s3 —} 23 2 )
2 © If they integrate in a piecemeal fashion,
, 0 0 (27) award this mark if they have a correct
ore.g., za ‘:_1 6cos B +-—cos 5} expression for their £ when integration is
©) completed — any partial evaluations must be
correct for their £

Alft

Substitutes correct limits and attempts to
subtract either way round following a
completed attempt at integration with a
numerical £. Requires previous M marks

and must have used 27 .
N 2z 2 52« 2 3 . ..

=8ra K—z 608 ==+ 008 7j —(—2 cos 0+ cos OH Look for evidence of correct limit

substitution and subtraction. There may be
slips but insist on limits being applied on all

integrations if they have been carried out
separately. Algebraic results of integration
must be seen

ddM1

_64 rd Correct exact answer. Accept equivalent
fractions.

Al

All marks available regardless of how k = 4 was obtained

(6]

Total 9

Other integration methods:

Allow the second M mark to be available before any attempt at integration is made.
Otherwise the second M is only awarded if they complete integration without any loss of
the required forms (i.e., sign and coefficient errors only and just sign errors only with any

trig identities). The first A (ft) mark is for a fully correct expression ignoring limits for
their k. The last two marks are the same as the main scheme.
For information:

0 2 0 0
Applyi rtsto | sin—cos@ d@ gives —| cos—+2sin —
pplyimg parts Oj 5 g 3( > 2j

Using addition formulae:
jsingcose do= lj sinﬁ—sing dog= l ZCosg—gcos—
2 2 2 2 2 2 3 2
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Question
Number

Scheme Notes

Marks

7(a)

M1: Attempts vector product of two vectors
0 1 in the plane. Unless there is a full clear

3 |x|1|=8i-2j-3k method they must achieve two correct
5 ’ components

Al: i(8i -2j —3k) or multiple

MI Al

Allow any vector notation throughout this question

2)

(b)

[ has direction vector + (2 j+ Zk) Correct direction for /

B1

(cosa or sin@ =)

|"(8i-2j-3k)"."(2j+2k)"| | "®)O0)+()2)+H@" |[ | -10 | |-54154
= = or
|"'\/82+22+32 "X"\/22+22 n| |"\/82+22+32 1|X||J02+22+22 n| ﬁx\/g| | 154 |
M1: For the scalar product of their normal and direction vector divided by the product of
the magnitudes of their vectors. The first expression above oe is sufficient. There must
have been a valid attempt at both vectors. Allow copying errors/slips if intention is clear.
Modulus not required.

Alft: A correct ft numerical expression with scalar product calculated as shown by second
expression or better. Allow a decimal correct to 2sf. Modulus not required. Ignore
labelling. Actual decimal is 0.40291148...

Implied by awrt 24 or 66 or 114 provided some work and nothing incorrect seen.
Allow awrt 0.41, 1.16 or 1.99 if working in radians.

M1 Alft

Acute angle between / and P
=90—a = 90—66.23968409... awrt 24 from correct work which could be

minimal. Degrees symbol not required.
or §=23.76031591...= 24°
Mark final answer.
to the nearest degree

Al

Q)]

Note that a vector product could be used:

||n 8i— 2] 3k 1 ||(2J+2k n|| | " ’22+162+162 " | [ 2 [129
MI: Al: =

| n 82 +22 32 " ||\/22 22 " | |"\/82 +22 +32 "y u\/22 +22 u| [77\/§

The modulus of the numerator is required for any marks

=0.915238951 IJ

()
Way 1

Parallel
planes

M1: Finds a value for the scalar product of
a position vector of a point in the plane or
(i +2j+ 3k).("8i -2j— 3k") =-5 the given point and their normal.
Al: -5 or 72 (or 5 or -72 if normal is in the
opposite direction). May be seen as a
-5

or
(6i—3j—6k).("8i—2j—3k") =72

distance e.g.,

MI1 Al

dM1: Having attempted both scalar
products, obtains a numerical expression
Shortest distance is for the distance.

&5 i‘”S”i”72"
—5 72 = —77 or ﬁ Award for
ﬁ ﬁ \/||8112+vv2vv2+vv3||2
Dependent on previous M mark.
Al: Correct exact distance. Isw

dM1 Al

Q)]
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Question Scheme Notes Marks
Number
7(c) M1: Finds a value for the scalar product of
a position vector to a point the plane and
Way 2 (i+2j+3k).("8i—2j—3k") =-5 their normal. MI Al
Al: -5 (or 5 if normal is in the opposite
Perp. direction)
(fllstanfe “8x—-2y-3z+5=0" dM1: Uses distance formula with their
ormuia Shortest distance is normal and plane equation to reach a
|(” 8 (6)+("-2")(=3)+("-3")(-6)+"5" numerical expression for the distance.
\/ > B > Condone sign slip on their -5 and theird | dM1 Al
"8" +V12" +H3H
must not be zero.
71 e Dependent on previous M mark.
N ﬁ or V77 Al: Correct exact distance. [sw
| @)
Let O be the point on the plane (1, 2, 3) M1: Attempts vector from given point to a
Way3 | then PO = (i+2j+3k)—(6i—3j—6k) point on the plane MI Al
Projection =-5i+5j+9k Al: Correct vector (i)
/resolving . . ‘P—’ } _
formula Shortest distance is |PQ.n dM1: Uses formula with their vectors to
|("—5i+55+9K").("8i+-2j+-3k")| reach a numerical expression for the
NI - distance dM1 Al
77 Dependent on previous M mark.
=—— or J77 Al: Correct exact distance. Isw
NT7
(C))
Line through given point in direction of
Way 4 normal is M1: Uses line through given point in the
r=(6i—3j—6Kk)+ A(8i—2j—3Kk) direction of their normal and substitutes
Example | o plane “8x—2y—3z+5=0" when into their plane to find a value for 4. Thed | M1 Al
of in their plane equation must not be zero
method | 3(6+84)—=2(=3-24)-3(-6-31)+5=0 Al: Correct value
involving =>A=-1
the pOiIlt nQs . " nQNn2  nAN2 ; nqn2
— +2j+— =
where | 1( 8it=2j . 3k )| \/ 8. +. 20413 dM1: Attempts |ln| or finds point on the
the line ( 60 j‘%?,l ni3o t;}‘rl_‘[;r’se_cglgr‘l_lg”) plane and obtains numerical expression for
meets - ’ > . distance between this point and the given | gM1 Al
lane = (-2, -1, -3) and distance is
p > point
\/(6 —"2"M? 4 (=3="=1") +(-6-"-3")° Dependent on previous M mark.
N ﬁ Al: Correct exact distance. Isw
(C))
Marks are scored through the ay which is the best overall match for the attempt.
Credit for work done in (b) is only available for part (¢) if it is used in part (c).
| Total 10
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8(a) I = j cos"xdx = j cosxcos” ' x (dx) Correct split. Could be implied by their work Ml
Way 1 Obtains psin xcos” x + J. gcos" xsin’ x(dx)
o n-1 _ n—-2 2
=sinxcos x+J.(n 1)cos" xsin® x (dx) oc dM1
Requires previous M mark.
. Replaces sin” x with 1—cos’ x to achieve a
=sinxcos" x+ I(n —1)cos"? x(l —cos’ x) (dx) P ) Al
correct expression for /,
. - Proceeds to the given answer with at least one
=smxcos  x+ (” - 1) I, - (” - 1) I, intermediate step and no errors. Condone
1 . n—1 . missing “dx”’s but there must be no missing Al*
=1, = s cos’  xsimn.x+ . 1, arguments. Any clear bracketing error must be
recovered before given answer.
“)
I = Icos”x dx = Icosz xcos" x(dx)
Way 2 ., - Correct split and replaces cos” xwith 1—sin’ x | M1
= I(l —sin x)cos x (dx)
= J.(cos"_2 x—cos" xsin’ x) (dx)
= Icos"’2 x (dx) —I(sin xsinxcos" x)(dx) = .
dM1
M1: Expands, splits and obtains pJ. cos" " x(dx)+gcos" " xsin x + J.r cos” x(dx) oe Al
Requires previous M mark.
Al: Correct expression for J.COS”_2 x(dx) —(— —Lcos"" xsinx+ J.ﬁ cos” x(dx)) oe
1 T 1 Proceeds to the given answer with at least one
=1, ,+——cos" xsinx———1/, intermediate step and no errors. Condone
n—1 n—1 e, .. x
1 1 missing “dx”’s but there must be no missing Al
=1 == cos” ! xsin x + n—1 I, * arguments. Any bracketing error must be
n n recovered before given answer.
“)
(b) I = l[cos”'l Ysin x}% +n__l[ ,or = l(n -1)1,, Uses the RF to obtain an expression for /, in terms
n n 0 n n—. n n-—.
T L 1 of I, ,or I,in terms of /; MI
=— - 1 24 - —
L 2 [COS rsm xl} * 2 Iy or 2 fy Condone if necessary if limits are absent.
Correct expression for [, in terms of /; oe
_ (’1 - 1) (’1 - 3)--~5 x3x1 following correct work including 2 applications of
" n(n-2)(n—4)..6x4x2 " the reduction formula (which could be embedded) | , |
with dots & at least 3 terms in each product (first 2 & prior to this answer. /, omay have been calculated
last, or first & last 2) previously but do not allow just the final printed
answer to imply this mark.
z ﬁ ] _ . . .
eg, I, = J~2 =" or I = [x]oz 7 o I, = T o Correct value for /- requires written evidence of B1
0 2 2 2 integration (minimal)
Proceeds to given answer. Requires all previous
] = (n - 1)(” - 3)---5 x3x1 g marks. Withhold this mark ifnol[COSk*1 xsinx]% is
cod, = - 0
n(n—2)(n-4)..6x4x2" 2 ok Al*
seen or expression just disappears — one such
Allow extra terms in both products. expression must be replaced by “0” or have
substitution seen
Attempts via proof by induction will be reviewed. “@
Attempts may be seen via /, = wlz and /, = 1{6’ +lsin 26}2 =—xZ
n(n—2)..4 21 2 ,
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Question

Number Scheme Notes Marks
8(c) T T , Replaces sin” x with 1—cos” x M
Io cos"xsin” xdx = jo cos x(l o8 x)dx Can be implied by an attempt at [, — I,
—J ] = 5x3x1 _ Tx5x3x1 K Any correct numerical expression for the Al
¢ % \6x4x2 8x6x4x2)2 integral
5 35 5 Correct exact value. Accept equivalent
= — e — = |— 5
( 32 4 256 i J 256 T oe fractions and allow e.g., | — z Al
128 )2
This is a “Hence” and requires clear use of /, —/,
For the A marks there must be no evidence that the answer has been arrived at without
using part (b). There is no credit in (b) for work in (c).
Just "/ = iﬂ'" is 0/3 but just "/, — Iy = i;z” is 3/3
256 256
(&)
Total 11
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Number

Notes

Marks

9(a)(i)

M1: Uses a correct eccentricity formula
with correct values for a and b and obtains

2
a value for e~ or e

Al: Correct value for e (not +)
Could be implied

MI Al

B1: Both correct foci as coordinates
Condone any use of a negative e
Note that this is not an ft mark.

B1

(€)]

(a)(ii)

2
4

o8 9

ort—— or t—oe

8

Both correct equations. Requires single fraction.

Allow ft: x ==+

theire

Allow “x1=...,x2= ...

=12

Condone, e.g.,

92

4

computed into a single fraction, condoning ¢ < 0

ER]

Blft

2)

(b)
Way 1

PF =ePM

|PF|=e|PM,| or |PF,|=e|PM,]|oc

States this definition of an ellipse.

Ml

|PF|+|PF,|=¢(|PM,|+|PM,|) or e(|MM,|)

W22 N2,

—"x2x"——" o0e
3 4

or | PF|+|PF,| =

4 3

3 4

Correct method for a numerical expression
(or with cancelling" x"s) for |PE | + |PF2|

with their e and directrix.
One of the underlined expressions must
be seen for the first approach.
Requires previous M mark.

dM1

—6 *

Fully correct proof. Modulus signs are not
required.

Al*

Way 1

Guidance

If they work in @ and e, ex 2 x 2 s only acceptable if e(|PM1| + |PM2|)ore(|M1M2|) is seen
e

a a
(as with using the values) and e(— - xj + e(— + x} (:> 2a) is acceptable but note in both
e e

these general cases the second M mark becomes available when a = 3 is substituted.
The second M is not available for any work which relies on |PE| = |PF2|

Their proof needs to be shown to be valid for any position of P
2x/§ 9\/5 2\/5 9\/5 : a a
X + X or using ex — + ex— cannot score the
3 4 3 4 e e
second M withoute(|PM1 | + |PM2 |) or e(|M1M2 |) being seen.

So|PF| + |PF,| =

If e appears as a value it must be correct for the final mark.
Just| PF;|+|PF,| =2a =2x3=61s 0/3
Having earned the first mark in Way 1, some candidates proceed to work with a specific
point on the ellipse as in Way 2. Further credit is only available if they clearly state e.g,
|PF1 | + |PF2| is constant for any P”

(©))
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%ﬁ;%g? Scheme Notes Marks
9(b) States this oe definition of an ellipse,
|P @ | +|P FZ| - |QE | + |QFz| justified by explanation.
Way 2 | where Pand Q are any points on the ellipse |  Accept e.g., “|PF;|+|PF, |is constant for Ml
oe »
PF,+ PF, =k , — _ any P
e.g. O is where E crosses positive x-axis
= |PF|+|PE|=3-"24J2"+3+"242"
Q is where E crosses positive y-axis Correct method for a numerical value for
= |PF1 | + |PFZ| =241° + "2 |PE | + |PF2| using another point on the dM1
Q is on E directly above F ellipse and their foci.
— | PF1| + | PF, | = Requires previous M mark.
(uz\/iuZ) , (n2_\/§n2)
\/1—9 +J(2>< 242") Ho
_ 6 Fully correct proof. Modulus signs are not Al*
required.
3
Wav 3 P(3cos0,sin0) Correct general point in parametric form
y |PF|2 _ (30059_n2\/§n)2 tsin’ @ and applies Pythagoras for the distance (or Ml
Point : its square) to either of their foci. Allow in
2
in terms | °f |PE[ = (3 cos9+"2\/5") +sin> 6 terms of a, b and @
of 0 Correct method for |PE | + |PF2| with their
_ foci. Two three term quadratic expressions
PE|+|PE|= - -
required but allow the second to be implied | gm1
\8cos® 0—1242 cos0+9 ++/8cos’ 0+1242 cos 0+9 | if its correct square root is seen. Score when
a and b are substituted.
Requires previous M mark.
| PE| + | PF2| = Fully correct proof. Modulus signs are not
required. The intermediate step shown oe is | A1*
3-242cos0+3+22 cos 9= 6* required for this Way.
(&)
2 2
/ X 9—x
Way 4 P| x, J1-—— |or P| x,
9 9 Correct general point in terms of x and
Point in 5 o applies Pythagoras for the distance (or its M1
terms of |PF, |2 = ("2\/5 "_ x) +1-— square) to either of their foci. Allow in
X 29 terms of a, b and x.
2
or |PF[ :(x+"2\/5") +1-2
9
Correct method for |PF|+|PF,| with their
foci. Two three term quadratic expressions
8 , 8 , . . .
|PF,|+|PF,| = \/,x —42x+9 +\/,x +42x+9 | required but allow the second to be implied | gm1
9 9 if its correct square root is seen. Score when
a and b are substituted.
Requires previous M mark.
Fully correct proof. Modulus signs are not
| PFI| + | PF2| =3— & x+3+ & x=6*| required. The intermediate step shown oe is | Al*
3 3 required for this Way.
Creditworthy alternative approaches will be reviewed 3)
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Number
9(c) ) 2 x’ 2 Substitutes line into the ellipse equation.
ot 9(2x + c) =9 or 3 + (2x + C) =1 Condone slips provided intention clear. MI
2 2
+ +9¢"-9=
37x 3 736cx e =9=0 Correct quadratic with x” terms collected Al
or e.g., ?xz +4cx+c*—1=0 (could be implied)
Y% (sum of roots) = (x =) —;jc
or
(x2) 1 =36¢++/(36¢)* —4(37)(9¢* —9) , 36c- J(36¢)* —4(37)(9¢* —9)
xX=)—
2 2(37) 2(37)
dM1 Al

. b . .
M1: Correct attempt at %2 (sum of roots), i.e., 5y for their quadratic.
a

Ignore how the expression is labelled.
Requires previous M mark.
Al: Any correct equation in x and ¢

Allow this mark if e.g., x is seen as M,
Substitutes their ¢ = px into

the line to obtain an equation
in x and y only.

Allow e.g., x,, and y,, and

condone e.g., suffixes of P &

0
This may also be achieved by
37 " finding y i f
—ce="-T"x= y=2x+|"-=—="|x e.g., Iinding y 1n terms of ¢
18 18 and then eliminating ¢ with
. L ddM1
18, 18, c 1 their equation in x and ¢
orx=r= c=y=2x T37 e VT T TR Must not be using “M, ” or
“M, ” etc. but imply this
mark from a locus equation
inx and y or
x_and y with appropriate

suffixes
Requires both previous M
marks
Obtains correct equation for locus (accept
=y = s Y oe equivalents) and makes conclusion e.g.,
18 “passes/goes through origin/0/(0,0)” but | A1*
allow “shown”/”as required”/”QED” etc.
Requires all previous marks.

.. I passes through the origin oe *

(6
Total 13
PAPER TOTAL: 75
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Question
Number

Scheme Notes

Marks

1

7coshx+3sinhx=2e" +7 = Substitutes at least one correct
Tre " X _e " exponential form for either of the
7{6 2e J+3[e 2e j:zexw -

hyperbolic terms and achieves an
equation in exponentials and
{% e'+Ze +ie"—de =2+ 7} constants alone

M1

2x 2% A 2x X Multiplies through by e to obtain
= 7(e * 1) * 3(e _1) =4e” +14e any equation that would form a
{:> 502" 410 = De2* +7ex} 3TQ in ¢"if like terms were
collected

M1

602 —14e" +4=0 {3ezx P 0} Could be. implied by a correct root
even if terms have not been
collected.

A correct three term quadratic in e".

Al

Solves their 3TQ - usual rules. One
— (3 et 1) ( et 2) —0=e' = correct.root for their qugdratlc if no
working. Ignore labelling of the
roots even if e.g.,“x” is used.

M1

Both correct and simplified but do
not isw if there are other answers.

“In2, Int AWm%Jﬂ%ﬁﬂn2
3

1
and —In 3 or In 3" for In—

Al

Answer only is 0/5

Total 5

Note that it is possible to multiply through by e to form an equation in ¢, ¢* and
constants. Score as main scheme, e.g.,

ze"+ze""+§e"—§e”‘=2ex+7
2 2 2 2
SN ’2“‘+§—§e T=247e" (M)
2 2 2 2
—2e—7e " +3=0 (Al
(2¢-1)(e*-3)= o:»e-u%,s (M)

=e =2, % = x=1In2, ln% (A1)
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2 Condone poor notation e.g., determinant lines used for matrix bracketing
(a)
2 00 Correct value for determinant,
detf0 1 4 {= 2><(—3+8)} =10 seen or stated and not justina | Bl
3 2 -3 final answer
-12 -3 5 12 -3 o
Minors:l 0 -6 -4 =\ Cofactors:| 0 —6 4 || Attempts the cofactor matrix with M1
at least 6 correct elements
0 8 2 0 -8 2
Inverse is '
5 0 0 10 0 Corr'ecf 1n,\’/erse but allqw ft on
1 2 their “10”. Allow equivalent Alft
"o -6 —8|oreg, <& -1 —-% fractions/decimals. A0 if clearly
3 4 2 —3 2 L obtained incorrectly
Work to obtain Adj(IM) must be seen but it may be minimal, e.g., sight of the matrix of A3)
minors followed by the correct answer is acceptable.
Note that BO M1 Al is possible.
(b) .,
Multiplies their M~ by | v
5 0 O0}fu w
i 12 -6 -8 vi|=... Must use a matrix other than M — | M
10 3 4 2w not just changed by application of
determinant. Condone sight of
vM! = ... but must not be a
clearly incorrect multiplication
method
X . Su Tu : Su Su
y|=—| 2u—6v-8w | or fu—3v—3tw| or 7 2u—6v-8w|or | Zuy—-Sy-%
z —Bu+4v+2w —Su+iv+iw —Bu+4v+2w —2u+iv+iw Alft
Alft: Two correct vector components, coordinates or equations, ft their d # 0 Alft
Alft: All three correct ft their non-zero d # 0
Must be exact (and not rounded decimals for ft)
These ft marks are not available for an incorrect Adj(M)
3)
Alt X u
Using M =1 e Uses M| y |=| v | and finds x,
z w
y+4z=v = y=.. ) MI
y and z as functions of «, v and w
3x=2y-3z=w z= Condone sight of vM = ... but
must not be a clearly incorrect
multiplication method
=1
r=aU Al: Two correct equations
y=%u-3iv-tw Al: All three correct Al Al
z=—2u+lv+iw Any form with terms collected
3
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Number
2(c) 1 o o Substitutes their expressions into
3x—7y+2z=—3:>3(;u)—7(;u—;v—;w)+2(—,’fnu+§v+gw)=—3 the equation for H] M1
Correct equation. Terms in any
—15u+10v+12w=—-6 order but constant isolated. Al
Accept any integer multiples.
2
| Total 8
Alts To gain any marks by an alternative approach, a complete attempt at a Cartesian equation
for /7, must be made by a viable strategy e.g.,
general point on 3x—7y+2z=-3is (S, t, —3s +%t—%)
2.0 0 s u=2s v==3u+15-6
0 1 4 t =>v=—6s5+15t-6= :_L(W_E(i)_2) M1
3 2 3| -3s+it-3) w=Ls-Zt+2 » AN
=>v=-"u—-w+iu+Z-6
Obtains a plane equation in any Cartesian form
3, _64,_3 Correct equation. Terms in any
V=ESU—TW—s =
{ 205 5 } order but constant isolated. Al
—15u+10v+12w=-6 Accept any integer multiples.
2)
Total 8
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3(a) _ l(tan Tt cot x) Y —(secz e coseczx) o Correct derivative. B1
Way 1 Y 2 dx Any equivalent.
i“(i'?tlttll?eeli 1 { Applies sec’ x =+tan’ x+1 and
1 2 2 2 2
=—(l+tan" x—(1+cot” x =—(tan” x—cot” x 2y = 2 i Ml
P > ( ( )) { 5 ( )} cosec’'x =% cot” x *1 to their
derivative
, Squares to a 3 term expression (or 4
d 1 if middle terms uncollected
& :—(tan“x+c0t4x—2tan2xcot2 x) 5 5 ) dM1
dx 4 2tan” xcot” x can be seen as 2
Requires previous M mark.
2 Adds the 1 and achieves either
1+ & =1+ l(tan“ X+cot* x— 2) expression shown bu‘F al.low the
dx 4 constant to be multiplied by
1 | | | tan’ x cot’ x Al
= —(tan4 x+cot’ x+ 2) or Z‘[an4 x+Zcot4 . May be seen as e.g.,
Not implied. Must be seen %\/tan“ x+cot’ x+2tan’ xcot’ x
M1: Applies the arc length formula
z dy
{ d 3 with their —
f y J‘ tan ’x +cot’ x)dx dx
Al: Correct result achieved with no | pp1 A1*
clear mathematical errors seen.
Allow (tan X +cot x) or — | tan’x+cot’x andpne Ornission of “dx ) agd/ or
2 2 limits and occasional missing
arguments.
Converting to sin & cos: likely to score max of 100010 unless tan & cot are convincingly recovered | (6)
1 dy 1/ 2 Correct derivative.
Way 2 y= E(tan x+cot x) = e E(sec X —cosec x) oe Any equivalent. Bl
qultlz:;es dy : 1 Squares a derivative of the correct
.:irs t't'en = | = —(sec4 x+cosec’ x—2sec’ xcosec’ x) form to obtain a 3 (or 4 if middle | M1
ldentities dx 4 terms uncollected) term expression.
= %((1 +tan® x) (14 cot” x) ~2(1+ tan’ x)(1+ cot x)j Applies sec’ x = +tan’ x £ 1 twice
1 ’ ﬂ | and cosec’x =*cot’ x = 1twice. | dMI
{:Z(l+2tan x+tan* x+1+2cot’ x+cot’ x—2—2tan” x —2cot x—2tan'xcot’x)} Requires previous M mark.
2 Adds the 1 and achieves either
U l(tan“ ¥+ cot* x— 2) expression shown but allow the
dx 4 constant to be multiplied by
1 1 | 1 tan® x cot’ x Al
= —(tan4 x+cot' x+ 2) or Ztan4 x+Zcot4 X+ May be seen as e.g.,
Not implied. Must be seen %\/tan“ x+cot' x+2tan’ xcot” x
M1: Applies the arc length formula
dy
d with their —
1+ y I tan’x +cot” xdx * dx
Al: Correct result achieved withno | nf1 A1*
clear mathematical errors seen.
Allow (tan x+cot x) or — | tan’x+cot’x an d.o fie ornission of "dx . al_ld/or
2 2 limits and occasional missing
arguments.
Converting to sin & cos: likely to score max of 100010 unless tan & cot are convincingly recovered | (6)
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Number
3(b) L L5 Applies tan’ x = +sec’ x+1
ZJ'” (tan2 X+ cot’ x) dx:2J.” (seczx—1+coseczx—l) dx and cot? x = +cosec’x+1 to M1
g s the integral
Work in sin and cos must use identities (sign errors only) and lead to a result of the form
below after integration condoning the absence of a term in x but allow the last M to be
available following a completed attempt at integration.
MI: For +sec’ x — *+tan x
1 z and +cosec’x — tcot x
) [tan x—cotx—2x ]g Requires previous M mark. | dM1 Al
¥ Al: Correct integration. Limits
not required.
Applies the limits (see note
V4 T V4 T 2r :
—| tan ——cot ————| tan——cot——— below) following any completed
2 3 3 3 6 6 6 attempt at integration. Allow
slips provided it is a clear M1
I f_27 J3 (\/5 P 3J N (x
5 X 2 | 577 attempt at f| — |—f| —
2 33 (3 3 P 3 6
Correct answer in any exact simplified form with 2 terms e.g.
1 4\/§ T 23_71' 2_7r 12\/§_7r 43 -1 Al
203 3) 3 6 3 63 2) 6
V4 Vs 5
Note they may apply the limits %& g or ? &% and then double the result. ©)
Just the answer or decimal answer (0.6311017628) is 0/5 Total 11
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4 Allow any suitable vector notation throughout this question.
(@) - 2|1 X2 312 M1: Uses r.n = a.n at least once
3|=| 4} 3= o |y Of=] 6] 0= to obtain a plane equation M1 Al
z) 3) (-5) 3 z)(-5) (2)(-5 Al: Both correct equations.
—x+3y+3z=-5 and 2x-5z=16 Accept in r.n = p form
Obtains one variable (may be
_16+5z written as parameter for all
eg, x= . M1
2 marks) in terms of one of the
other variables
2x—16 2x—16 : i
s = = x=5+3y+3 ' MIl: Obtalns.the
variable/parameter in terms of
= 5x=25+15y+6x—48=> x =15y +23 the third variable (or the two | Ny
other variables in terms of the | A1
{x=—15y+23= 16+52} parameter) (M1 on
Al: Both correct equations epen)
. —x+23 6-z 2x—16
Alternatively, y= = z= =6-6y
15 6
O 23 16 O 1
xX— -8 z418
{ _y115_ 25:} r= 2 |+1| -%&
! s s _16 2
5 5
MI1: Attempts vector equation of line but “r =" may be missing.
Requires all previous M marks.
Allow numerical slips but it must be a correct method i.e., an attempt at
X, [ dM1 Al
X—X - z—z
= R A Lor=|y [+ m
/ m n
z n
Al: Any correct equation including “r ="
23) (15 8 5
Or {x—23:y—0:z—6:>} r=[0|+4] 1 | or x—8:y—1:z—0:> r=1[+4 -1
15 1 -6 FR
6 -6 0 1
Note that the line may be given in (r —a)xb =0 or rxb=axb form )
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Scheme

Notes
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4(a)
Alt

Finds
point and
vector
product
of
normals

—x+3y+3z=-5 and 2x-5z=16

MI1: Uses r.n = a.n at least once
to obtain a plane equation
A1l: Both correct equations
Accept in r.n = p form

MI1 Al

x:():z:—E
5

Sets one variable equal to a
value and finds a value for
another variable. Correct for
their equations if no working.

Ml

e.g.,
23

16
3_)/:—5—3(—?J:>y—g {:>( , %, —1?6)}
Ore.g., (23, 0, 6), (8, 1, 0)
Points will have the form (23—150{, a, 6—605)

MI1: Proceeds to find a value for
the remaining variable. Correct
for their equations if no working.
Al: Correct values

Ml

Al

(M1 on
epen)

.=>r=| B |+4] 1

8
r=| 0 [+4| 1 r=|1[+4| 1
0

dM1: Attempts vector product of

normals (two correct

components if method unclear)

and forms vector equation with

point and direction in correct

places but allow for a copying
error or mix up with

components.

Note that they could obtain the
direction from 2 points on the
line.

Requires all previous M
marks.

“r =" may be missing.

Al: Any correct equation
including “r ="

dM1
Al

)
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4(b)

Note: If 0/5 allow SC 00010 for a correct volume formula seen for tetrahedron ABCD e.g.,
%‘C—D(@ % @)‘ Allow with missing modulus but not vector arrows unless implied by further work.

Way 1
STP inc.

CD

-15

— 5
1] =4262=CD=——
- J262

-6

-15

)

Attempts magnitude (allow
numerical slip) of their direction
vector and scales correctly to length
5

Ml

Let C be the point (8,1, 0)

2) (8 -6 3) (8
CA=| 4|-|1]|=.4] 3| and CB=| 6|-|1
-5] {0

-5 -2 0 -2

Finds vectors for any two edges
other than CD. Could be implied by
a distance calculation if C and/or D
defined. This mark is not scored if

either vector is in terms of a
parameter unless it is assigned a
value (or is eliminated
appropriately) later.

M1

Uses an appropriate scalar triple
product with their vectors and finds
a value. Must not include position

vectors. Could be inexact. MO if

clear evidence of an inappropriate
method

M1

455
r

262

786

dM1: Divides their STP result by 6
and obtains a positive value. Could
be inexact. Modulus might not be
seen.

Requires previous M mark.
Al: A correct exact value

dM1
Al

(©)

Way 2
STP not
inc.

-15

—= 5
1|[=4262=>CD=—=
- 262

-6

-15

Attempts magnitude (allow
numerical slip) of their direction
vector and scales correctly to length
5

Ml

Let C be the point (8,1, 0)

6 3

2
- 4|=..5] -3

Al
"
S =

N =

Finds vectors for any two edges
other than CD. Could be implied by
a distance calculation if C and/or D

defined. (See also comment for

second M1 in
Way 1 re use of a parameter)

Ml

Uses an appropriate scalar triple
product with their vectors and finds
a value. Must not include position

vectors. Could be inexact. MO if

clear evidence of an inappropriate
method

Ml

4554/262

V:l‘@(@xﬁ)‘z... _ 455
6 3./262

786

dM1: Divides their STP result by 6
and obtains a positive value. Could
be inexact. Modulus might not be
seen.

Requires previous M mark.
Al: A correct exact value

dM1
Al

(6))
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4(b) : :
Way 3 -15 -15 Attempts magnitude of their
Triangle 1= \/ﬁ —~CD-= 5 1 direction vector and scales to M1
area + 62 length 5. See note after next M
perp. -6 -6 below.
distance .
to plane Let C be the point (8,1, 0)
& vol. of —-15 -6
i = —y 1 V1
pyramid Area AACD =~ |CD x| =~ S R I S P
2 214262 B s 2+/262 M1
Uses formula to find a value for the area of one of the faces. Must be a full method (vector
product and modulus). Condone missing &
Any attempts by trig/Pythagoras must be complete and credible
Note: It is possible to obtain the area of a relevant triangle such as ACD by e.g., finding
the length of the perpendicular distance of point 4 to the line and multiplying this by +x 5
— in such cases allow the first M for completing a viable attempt at the height of the
triangle and the second for the area (Condone missing 1)
AACD isin 71 so perp. height of tetrahedron is
shortest dist. of B (3, 6,— 2) to —x+3y+3z=-5: Obtains a value for the
perpendicular height via formula M
—1><3+3><6+3><(—2)+5 { 14 } or any credible method
T R (examples below)
+ 32 +3? V19
2 5-9 ‘ 14
Parallel planes : 41 3|=-5= — =
_s _If 43243 V19
1)(-1
21 3
1
.. . — 3 3
Projection/Resolving: BA=|2 |= = =
N N s ¥
MI1: Uses
1xarea A xperp.height and
obtains a positive value.
65\/_ _ 455 455,/262 1 must have been used for dM1
— =..= or
3 24262 \/_ 262 786 triangle area earlier unless they | Al
now use +X...
Requires previous M mark.
Al: Either correct exact value
3
Total 12
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5 1 2 k
M=-1 -3 4
2 6 -8
(i) & (ii) 1-2 2 k Recognisable complete attempt at
Mark the detl -1 —3-2 4 —
parts et{ ! C det(M /'LI). May use other M
together rows/columns. Allow * and slips
=+[(1=2)((-3-2)(-8-2)-24)=2((~1)(-8-4)~8) +k((-1)(6) ~2(-3- 1)) | including +2 for first -2
Sarrus = £[(1=2)(=3 = A)(=8~24) + (2)(4)(2) + (k)(~1)(6) = (k)(-3 = A)(2) ~ (1= A)(#)(6) ~ 2)(~1)(-8 - 2)]
M1: Obtains
{A}(ar’ +bA+c+dkoe) a, b, c,d#0
Al: Correct expression — allow:
2
=(1-2)(A* +114)~ 24+ 22 £{4}(-2% ~102+9+2k oe)
_ 93 2
=4 (_]b —104+9+ 2k) Allow quadratic to be
unsimplified and the marks can be
implied if the initial A has been
removed
{One elgen9v j_lgeklizoer:o; }Cfr_epeated then; Attempts to set their c+dk =0
a o and solves for k
or or
{i (—2,2 -104+9+ Zk) has repeated roots SO} Considers the case of their Ml
. 2
3 quadratic al” +bA+c+dk=0
b’ —dac — 100-4(-D(O+2k)=0 — k= | having arepeated root and uses a
100-4(1)(-9-2k)=0 valid strategy to find &
Alternative approaches with A2 +104—-9—-2k =0
(A+a) =2 +2a2+a’ =2a=10=>-9-2k =5 = k=..
sumof roots =—10 = root =-5=> product of roots =(-5)’=-9-2k=k=...
9
k= ) or k=-17 One correct value for & Al
{One eigenvalue is zero, if repeated then} Attempts to set their ¢ +dk = 0
9+2%k=0=k=.. and solves for k&
and and
{J_r (—/12 -104+9+ 2k) has repeated roots so} Considers the case of their M1
. 2
3 quadratic al” +bA+c+dk=0
b —dac=0= 100 -4(-1)(O+2k)=0 k= having a repeated root and uses a
100—-4(1)(-9-2k)=0 valid strategy to find &
9 Both correct values of & and the
k = —— with eigenvalue —10 {and 0 repeated} associated non-zero eigenvalues
2 clearly assigned. Al
k =—17 with eigenvalue —5 {repeated and 0} No additional eigenvalues or
values for k&
Total 7
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Question Scheme Notes Marks
Number
2 2
X .
S| P(4cos0, 3sin0)
16 9
6(a) d 3cos® 2x 2yd d 18
Y - i + Y 0= &__2X Uses a correct method and finds
dx 4sin @ 16 9 dx dx 32y d
an expression for & of the
or M1
1
iz+ y o s 1_Lz 2 _ dy 3 1_xi 3 X_& correct formI(sign alnd coefficient
16 9 g 16) " 2 16) 16 slips only)
d 3cos@ 3 A t derivative in t f
d_ : oe e.g. —>cotd oe ny correct derivative in terms o Al
dx 4sin 6 4 6 only.
. 3 9 . . .
y—3sinf=— C$>S (x _4cos 6?) or Applies correct stralght hn.e
4sin O method using any gradient in
3cosé . 3cosf terms of @ . If they use
o YT x+c:>3sm9=—4sin 4cosO+c Yy =mx+c they must substitute | M1
125sin2 0 +12cos? 6 coordinates correctly and reach
4sin 6 MO if use normal gradient
= 4ysin@—12sin’ @ =-3xcos@+12cos’ @ or
. 3cosé )
usingy=mx+c:y=———x+12=4ysind =-3xcosf+12
4sin 6
= 3xcos O+ 4ysin6?{= 12(cos’ @ +sin’ 6’)} =12
M1: Multiplies through to remove fraction to obtain an equation with trig expressions in sin ML AL*
and cos only. Allow this mark if they go straight to the given answer from a correct
equation. Can score from use of a normal gradient and/or with coordinates wrongly placed
but there must have been an attempt at a line.
A1*: Correct equation from correct work. sin’ @ and cos’ @ must be seen somewhere in the
working. Accept e.g., sin’ @+ cos’ @ = 1seen in side-working
()
®) y—3sinf = 4sin0 (x —4cos 49) oe M1: Applies correct straight line
' 3cosd . method with the negative
e.g., 4xsin@—3ycosd =7sinHcos O reciprocal of their tangent
4sin 6 gradient. If y=mx+c isused | M1 A1l
or y= xX+c . .
3cosf coordinates must be substituted
) 4sin O —7sin 6 cos O correctly and ¢ =... reached
= 3sinf = 3cosd 4cos@+c=c=.. {W} Al: AIly correct equation
(2)
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Question Scheme Notes Marks
Number
6(c) Any correct x-axis intercept of
the tangent. Allow e.g.,
4
Ais ,0 {xz} , 4secd B1
cos@ 3cosé
Could be on a diagram or
implied by midpoint
Sets x = 0 in their normal
16 7 equation (changed gradient) and
x=0= y—3sinf = —?sin 0= Bis (0’_§Sin 0} finds y. Could be implied. Allow | M1
7 .
just 3 sin @ oe
7 Any correct midpoint. Accept
So midpoint M of AB is ,——sinf any equivalents and as Al
cosd 6 X=y Y=...
) ) Usessin’ € +cos’ € =1 to
sin> @+cos’f=1= —ﬁy + 2 —1 obtain an equatign imxandy | \p
7 X only. May follow incorrect or no
attempt at midpoint
dM1: Rearranges to the form
36 4
:Eyz +;=1:>36xzy2 +49x 4 = 49x’ xz(piqyz)zr, p,q,re’
2(49-361°) =196 Requires all previous M dMT Al
:>x( N y)_ marks.
Al: Correct equation
(6)
Note that is possible to use e.g., 1+tan® @ = sec” @, for example: Total 13
_ _ _ 2.2 2
M[2sec€, 7tan9J:> secﬂzf, y= Ttan0 = tan@zﬂ: 1+9x_y=x_ (2nd M1)
6secd 2 3x 7 4
9x2y Py 2 2 2 2 2
=1+ = =196+36x7y" =49x" = x (49-36)7) =196 (3rdML, Al)
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Question

Number Scheme Notes Marks

7(a) M1: Correct split and attempts to
Way 1 1 = Icosh" 2x dx = J. cosh 2xcosh"" 2x dx apply parts to obtain an
! expression of the correct form
(sign and coefficient errors
only).
Al: Any correct expression

M1 Al
= % sinh 2xcosh””" 2x — J‘ % sinh 2xx (n—1)cosh"? 2xx 2sinh 2x dx

{: %Sinh 2xcosh"" 2x—(n— 1).[ sinh® 2xcosh”? 2x dx} Applies
. sinh? 2x =+ cosh’ 2x +1 dM1
= 5 sinh 2xcosh""' 2x —(n— l)j(cosh2 2x— l)cosh”’2 2xdx | Requires previous M mark.

1 Introduces /, and [, , - not

=1, = sinh2x cosh™ 2x—(n-1)(1,-1,.,) implied by given answer. ddM1

Requires previous M mark.

| Fully correct proof. Condone
{: nl =— sinh2xcosh” ! 2x + (n— 1)]n2} missing ‘dx’s. Poor bracketing
2 must be recovered before given
answer but no other errors e.g.,
1 I ,* sin for sinh, or wrong or missing

! 2
n n arguments

Al*
_sinh2xcosh"' 2x on —1

Accepte.g., [, = (=Dlyy + Zi sinh 2xcosh”™ 2x
n n

)

Way 2 M1: Correct split and applies
I = Icosh” 2x dx = jcoshz 2xcosh"” 2x dx sinh® 2x =+cosh’ 2x £1

to obtain an expression of the M1 Al

correct form (sign and

coefficient errors only).

Al: Correct expression

= j(sinhz 2x+l)cosh”‘2 2x dx

= | cosh”” 2x dx + | sinh’ 2xcosh”” 2x dx _
Attempts to apply parts to obtain

an expression of the correct form

. 2 n=2 _ . n—2 .
J.smh 2xcosh"* 2x dx{— J‘smh 2xcosh”” 2xsinh2x dx} for Isinhz 2 xcosh™ 2x dx dM1

_ 1 sinh 2xcosh” 2x — 1 cosh” 2x dx Requires previous M mark.
2(n -1) n—1
L - e 1 , Introduces /, and I, - not
=4 =4t 2( n _1) SIh £X €08 RS implied by given answer. ddMl1

Requires previous M mark.

1 Fully correct proof. Condone
{: (n - 1)[n =—sinh2xcosh"" 2x+(n—-1)I , -1, } missing ‘dx’s. Poor bracketing
2 must be recovered before given

*
sinh2xcosh” 2x n—1 answer but no other errors e.g., Al
I = + I ,* sin for sinh, or wrong or missing
2n n arguments
-1/ 1 . _ 5
Accepte.g., I, = (=Dly + o sinh 2x cosh"™ 2x ®
n n
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Question
Number

Scheme Notes

Marks

7(b)

(1 +cosh Zx)3 =1+3cosh2x+3cosh’2x +cosh’® 2x

Correct expansion. Could be implied e.g. by x+3/, + 31, + I, and allow if correct but

terms are not collected.
Condone if partially or completely in “x” provided terms are collected

B1

Completes an attempt to apply
the reduction formula for
) 1 . 1 I, or I,.May be slips but must
cosh” 2x dx or I, =—sinh2xcosh2x+—1/ or ,
4 2 get two terms. May be seen with
1, / I attempted and/or

1 . 2
jcosh3 2x dx or I, =gsmh 2xcosh’ 2x + Ell embedded in expression for
j(l + cosh 2x)3 dx

Ml

I, =x and [ =ztksinh2x
(condone /; from formula) and

1.
ly=x 1 :581nh2x J‘(1+3005h2x)dx—>xiqsinh2x

and uses the above to obtain an

(1+cosh2x) dr= | (1+3cosh2x)dv+37,+1, = )
expression for

x+%sinh2x+%sinh2xcosh2x+%x+ésinh2xceshz2x+%sinh2x(+c) J-(l +cosh 2)(?)3 dx

Requires previous M mark.

dM1

Note: One of [, and /, may be attempted directly — if so correct identities must be used

and an expression of a correct form obtained. Examples:

1 1 1 .
I,= ] cosh’2x dx=|| —cosh4x+— dx =—sinh4x+>
2 2 8 2
3. 3. 3 1. ) 1.
:>x+fsmh2x+fsmh4x+fx+gsmh2xcosh 2x+§s1nh2x(+c)
I ZJ-COSh3 2x dx:J.coshbc(sinh2 2x+1)dx:ésinh3 2x+%sinh2x

= x+Esinh2x+§sinh2xcosh2x—i-§x+lsinh3 2x+lsinh2x(+c)
2 4 2 6 2

If exponential definitions are used they must be correct.

5 3 1 Correct answer. Award when a
=—x+—sinh 2x +—sinh 2x cosh 2x + 3 sinh 2x cosh’ 2x(+c) correct expression with collected
like terms is seen.

Al

1, attempted directly = %x + %sinh 2x+ % sinh4x + ésinh 2xcosh’ 2x (+c)

1, attempted directly = % Xx+2sinh2x + %sinh 2xcosh2x+ ésinh3 2x (+c)

C))

If identities are used before a correct answer is seen with like terms collected then the

Total 9

work must be correct
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Question Scheme Notes Marks
Number
8(a) d
ly ax cx 5x
— =rarcosh 5x + ——== or arcosh 5x + ——=—=(MI1) = arcosh (5x )+ ———— (Al)
{dx \Jbx* =1 X =d ( ) \25x* -1 MI
MI1: Differentiates to obtain expression of the correct form a, b, ¢, d # 0 Al
Al: Correct differentiation. Any equivalent form.
2
(b) d ( ) S5¢ 0, I J‘ 5x
— [ xarcosh(5x) |= arcosh(5x )+ "= | arcosh(5x)dx =xarcosh(5x)— | "——="dx
M1: Rearranges their answer to (a) correctly and integrates or uses the correct formula to
apply parts to 1xarcosh 5x to obtain the above.
jarcosh(Sx)dx xa:rcosh 5x J Al
\J25x% - -
. . (limited ft)
Al: Correct expression — but see note below on limited ft
Ax . b
L, MI: —de—>C(Bx —1) M1
—xarcosh(Sx)—g(ZSx —1) (+c) JBx: =1 Al
Al: Fully correct expression with (limited ft)
xarcosh(5x) - see note below for limited ft
3 8
5 1 1
Note: Substitutions: u = 5x = (u —1) [g u? —1} u=25x"-1= [g \/;}
5 9
4 16
M1: Correct form Al: Fully correct expression with xarcosh(5x)
A limited ft for one of the errors in (a) shown below applies for the first two A marks. However
also allow the following if this error occurs in part (b) which is most likely to come from not
rearranging and effectively restar’[ing by using parts. Note that substitutions could be used.
1 1
a =1=> xarcosh(5x)— dx:>xarcosh(Sx)——(ZSx2 —1)2 (+¢)
st 2 - 25
1
,
b=5= xarcosh(Sx) - ?dx = xarcosh(Sx) - (Sx - 1)2 (+c)
1 1
a =—5= xarcosh (5x)+ J dx:>xarcosh(5x)+—(25x2 —1)2 (+¢)
\&5x- S
3
arcosthdx farcosh( )—l 25x i—1— larcosh . 25><i—1
1 5 25 4 5 16
! M1
Applies appropriate limits (note substitutions above) with subtraction the right way round seen to
obtain an expression of the form x arcosh (Sx) +f (x) where f(x) has come from integration
7 \/_ 3 Correct answer seen in any form.
=5 arcosh(3) - arcosh + 20 Must not follow clearly Al
incorrect work.
- Converts arcosh(3) or arcosh ()
arcosh3 =In (3 +43° -1 ) or arcosh (éj —n| 2+ [éj -1° to any correct log form.
4 4 4 Independent mark but must have Ml
22 1 obtained x arcosh (Sx) +f (x)
fh%3+vr)—4—f— In2+—
20 where f(x) has come from
integration
3 9 \/— Correct answer. Terms in any
=—= +In (3 + 2[ ) ——In2 order but otherwise written as Al
20 shown.
Must not follow clearly 1nc0rrect work. Allow values for p, ¢, r & k
®)
Total 10

PAPER TOTAL: 75
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Question
Number

Scheme Notes

Marks

1(i)

Obtains ...arctan (kx)
Allow k=1

M1

1 1 X
8 dx=(8)| =arctan| —
( )Il6+x2 ( )(4 (4])
Substitutes the given limits, subtracts
either way round and obtains a value

43
z{arctan (fﬂ =2(arctan~/3—arctanl) =... | (could be a decimal). The substitution
44 does not need to be seen explicitly and
may be implied by their value.

dM1

T 1
—orp= 5 Correct exact value (or value for p)

2n 2
Accept equivalent exact expressions e.g. o orp= 7 and isw if necessary.

Al

(3)

(i)

1 2X . X
I dx = 2( arcsin — j (ore.g. arcsm—j
J9—4x2 3 %

M1: Obtains ...arcsin (kx). Allow k = 1 so allow just arcsin x.
Al: Fully correct integration but allow unsimplified as above

M1 Al

k

. [ 2x . (2k (1 s
arcsin| — =arcsin| — |—arcsin| — |=—
3 )]s 3 2) 12

4

. ( 2k n w 2k n 2k \/E
= arcsin| — |=—+==""=sin R _Ne
3 12 6 3 4 3 2

Substitutes the given limits, subtracts either way round, sets = I

k=..
, uses

arcsin (%) =% and the correct order of operations condoning sign errors only to

reach a value for k e.g.

. T T
kY z) K\ 7 oz 3S'n(lz isj
+¢| arcsin| — |- — |=— = arcsin| — |=—+ = =k = @
3 6) 12 3 12a¢ 6 2

Note that k may be inexact (decimal) or may be in terms of “sin” but must have a

BSIH( j
simplified argument e.g. k = 4

dM1

2
W2

. 3
k = —— or exact equivalente.qg., —=
1 q PN

Note that a common incorrect answer is k = gsm (Z](: 0.913...) which comes

from an incorrect integral of Zarcsm(2 j (generally scoring 1010)

32

Condone x=——
4

Al

(4)

Total 7
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uestion
?\lumber Scheme Notes Marks
2(a) 2 3 7 6 -1 -4 100
Way 1 TU=1=|3 2 6| 15 ¢ -9(=/0 1 0
a 4 b)l-8 a 5 0 01
TU=1 6a+60-8b=0 -2+3c+7a=0 M1
=e.g., or
—-4a-36+5b=1 -3+2c+6a=1
Obtains at least 2 equations with at least one correct.
(condone column x row multiplication leading to the way 2 equations — see below).
Ignore errors in unused elements or equations.
6a—8b =-60 7a+3c=2
e.g., =a=..,b=... or =a=...,C=...
—4a+5b =37 6a+2c=4 dM1
Obtains values for two of a, b and c. You do not need to check their values. As long
as the previous M mark was scored, it is sufficient to just write down values.
Al: Two correct values
a=2,b=9 ¢c=-+4 Al: All three correct values and no extra | A1 Al
values unless they are rejected.
(4)
6 -1 -4\2 3 7 100
Way 2 UT=1=| 15 ¢ -9|[3 2 6|=[0 1 0
UT =1 -8 a b5J]la 4 b 0 0 1
12-3-4a=1
For first —eg, 42-6-4b=0 M1
2 marks
[45+2c—-36=1]
Obtains at least 2 equations with at least one correct.
(condone column x row multiplication leading to the way 1 equations — see above).
Ignore errors in unused elements or equations.
e.g., 4a=-8, 4b=-36 [2c= -8]
=a=..,b=... dM1

Obtains values for two of a, b and c. You do not need to check their values. As long
as the previous M mark was scored, it is sufficient to just write down values.
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2b—24 -3b+28 4 6 -1 —4
T’1:U:>m 6a-3b -7a+2b 9|=(15 ¢ -9
Inverses -2a+12 3a-8 -5) \-8 a b5
2b—24 =6{ —7a+2b =c}

" 4a-5b+36 4a—-5b+36

Way 3

- eg., — =
For first —€9 4a-50 136
mark

For T = M where M has at least 1 correct element and obtains 2 equations.

1
f(ab)
Note that there is no requirement to find all the elements of M.

OR

L 9a+5¢c —-4a+5 4c+9 2 3 7
Uul=To——— -3 -2 -6 [=|3 2 6
a 4 b

M1

—-6a—-2c+3
15a+8c -6a+8 6C+15

-3 3 4c+9 7{ 6c+15 b}

=e.g., =3 = =
—6a—-2c+3 —-6a-2c+3 —-6a—-2c+3

1
f(a,c)
Note that there is no requirement to find all the elements of M.

For U™ = M where M has at least 1 correct element and obtains 2 equations
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2(b)

1 3 1 3
XT_l=l4=Z+2:>[|21r=] O|xA| 4| or|r-| O||x|-4]||=0
-2 1 -2 1
Obtains parametric/vector form (allow one slip only) or clearly identifies position and
direction vectors. May be implied by an attempt to transform both.

M1

6 -1 -4)\(1+31 6+181+41+8—-41
15 '-4' 9| 41 |=|15+451+164+18-94
-8 '2° 5){-2+4 —8-2441-81-10+54
or
1 3 1 3
their U x their | O —4 | or xtheir | 0| and xtheir | -4
-2 1 -2 1
or
1 4 32 14
their U xtheir | 0| and U xe.g. | -4 | then dir=| 85 |—| 33
-2 -1 -45) (-18
Complete and correct method with their b and ¢ for their U x their parametric form or
U X both vectors or U x 2 points on the line and attempts direction.
Must be an attempt to mutliply correctly i.e. clearly not rowxrow but allow attempts
that use T~ for U using their a and b provided all elements are constants and it is a

“changed” T
OR

2 3 T \(x 1+34 2X+3y+72=1+31
3 2 6 ||y|=| 41 |= 3X+2y+6z2=-41
"2" 4 "9" )\ z -2+ 2X+4y+92=-2+1
x=181+14
= y=521+33
z=-18-274
A complete method using their parametric form and their T to produce and solve 3

simultaneous equations to find x, y and z in terms of 4
Alternatively solves Tx =("i—2k") and Tx = ("'3i —4k +k") to find position and

direction

M1

14+184 dMZ1: Correctly converts their result into
Cartesian equation.
[L:ir=]| 33+522 Requires previous method mark
-18-271 Al: Correct Cartesian equation - allow
equivalents e.g.,
:>x—14:y—33:z+18 2-(-18) 718
18 52 27 T 7 VT 927

dM1 Al

(4)

Total 8
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2(b) Alternative

RS S N

M1: Obtains parametric form (allow one slip only)

) [ttt
6 -1 -4 3 3 3 3
15 '-4' -9 ﬂ—ﬂt = 15t—E+Et—3t+21
8 2 & 3 3 3 3
1t—Z —8t+§—§t+§t—3—5
3 3 33 3 5
M1: As above
8+ 6t
ir=]] 40432
3 3
-9-9t
47
x-8 Y73 z+9
6 52 -9
3

dM1A1: As above
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uestion
(l?\lumber Scheme Notes Marks
3(a)(i) (£7e,0) Correct coordinatesorx =+7e,y=0 |B1
(i) X=i£ Correct equations B1
SC: If “49 used for “7” consistently in (i) and (ii) score BO B1
| 2)
(b)) (PS? =)(x—"7e)* +y Correct expression or equivalent with
their 7e. Must be in terms of e, x and y
oe e.g. . ; B1ft
2 Nnoor e o only. Apply isw once a correct expression
(PS :)(79_)() +y is seen.
(i) Correct expression or equivalent with
2 2 T .
(PM ) :)(,Z,_ Xj oeeq. (X_,Z,j their I~ Must be in terms of e and x only. B1ft
€ € Apply isw once a correct expression is
seen.
(2)
(© ?
(P—S:e:j PS? =e’PM? = (x—'7e)? +y? =e2('z'— x)
PM e
2 2 2 2,2 M1
—> X° —14ex+49e° + y° =49—-14ex+e°Xx
Applies PS® =e*PM? with their PS and PM and expands (condone poor squaring)
Reaches given answer with fully correct
x2(1—e?)+ y2 = 49(1—e?) proof. All shown steps required.
) ) Note that it is possible to obtain this AL*
X +y—2 —1=>Db? =49(1—e?)* | result even if the B marks are not scored
49 49(1-¢%) in (b) e.g. correct expressions but not in
the forms required.
2)
d 20 2
(d) (443Y? = 49(1—¢?) = €., or e =. Replaces b?with 2(4\/§) and solves for |\,
e° ore.
1
e= = Correct exact value for e (Not +) Al
2
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(e) 7 (2} 2 Substitutes into their ellipse equation and
X=2 @ y_zljy:---[(i)(a] obtainsavalupf y M1
2 49 '48' etory
AmaAOPNI:(Ej r 7 (6" =..
2 )2
CmmdnmmmﬁmamaMWmmmeOPMthmarmeﬂmWG dM1
e
May see other approaches, e.g., “shoelace” method
1135 0 49 35 1
g = == (49%6-6x3.5)=...

2|16 0 6 6| 2
273 1
o 136E or136.5 Any correct exact value Al

Special Case:
7)? 2
TG LY a6 Area AOPM :Gj T T@e)=..(819)
27 49 48 2\'(3) 2
Scores MOM1AOQ
3)
Total 11
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Question - - -
Number Scheme Notes Marks
4(a) 0 -1 3) 1 y)
Mx=Ax=|-1 4 -1||-2|=|-24|=e0,2+3=A=>1=5
3 -1 0){ 1 A
or
-1 -1 3) 1 0
(M-Al)x=0=| -1 4-2 -1|-2|=|0|=eg,-2+2+3=0=21=5 |MLAl
3 -1 -A)L1 0
M1: Correct method leading to a value for A
Al: Correct value
Note that the working may be minimal so e.g. 2+3=14= A4 =5 is sufficient.
Correct answer only scores both marks.
)
(b) 0 -1 3)(x X 3 -1 3)(x) (0 X 3) (-1
-1 4 -1|ly|=-3|ylor|-1 7 -1jy|=|0joreg.,|y|=|-1|x| 7
3 -1 O0){z z 3 -1 3)\z 0 z 3 -1
— _ _ M1
= X=.,Y=..,Z=.
Uses Mx = -3x or (M- (=3)1)x = 0 to produce simultaneous equations and obtains
values for x, y and z (not all 0) or uses a suitable vector product (with two correct
components if method unclear)
Any correct eigenvector (allow x = ...,y
ki O =..,z=..and apply isw if a vectoris | Al
-1 subsequently formed incorrectly)
)
(c) Mx=Ax=eg,-1)+3@1) =1 A*—44%-1121+30=0
(M-Al)x=0=eg,-41-1+3=0 detM =-30= A4 4,4, =-154 B1
A=2
Correct value. May be seen in their D which may come from an attempt at PTMP.
3 0 0 Diagonal matrix with —3 and their
(=) 0 2 0 eigenvalues anywhere on the leading B1ft
o diagonal and 0’s elsewhere.
0 0 5 Ignore labelling.
1 £ 1 £ ARNES
2| -Llor| o' 0 or |12
1 £ -1 _Az 1 B M1
6 2 3
Correct method seen to normalise at least one eigenvector of the two given
eigenvectors or their eigenvector from part (b). May be seen in their P.
300 2 L ¢
D=| 0 2 OlandP=| 0 £ -&
0 05 L2 B B Al
2 3 6
Both fully correct, consistent and labelled matrices. Elements may not have had
denominators rationalised. (Any columns of P could be in opposite direction)
(4)
Total 8
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Note that some candidates go straight into solving |M —/1I| =0e.0.

-4 -1 3
-1 4-4 -1|=0=-1(A(21-4)-1)+3+1+3(1-3(4-1))=0
3 -1 -2

=A1*-42°-111+30=0=>1=-3,5,2

If this is all they do then the B mark in (c) can be awarded for A =2

The other marks in the question are available for the appropriate work.
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uestion
QNumber Scheme Notes Marks
5(a) 2 : :
(1—sech2 « _) 1- 2 Replaces sech x with correct expression B1
Way 1 B e* ye in terms of exponentials
(ex Lo )2 —4 g9, _g Expresses as a single fraction (or 2
From = - Y. fractions with the same denominator) and | M1
LHS (e +¢€ ) (e +¢€ ) expands numerator
(e e )2 ,
=———5 =tanh" x Fully correct proof Al*
(e +e™)
) 2 2
Way 2 1-sech® x=(1+sechx)(1-sechX) =| 1+ —— || l-——
y e +e e +e B1
Diff. of Uses difference of two squares and replaces sech x with correct expression in terms of
2' exponentials
squares ~ (ex e+ ZJ[eX +e —ZJ e l-2e*+l+e P —2e +2e" +2e 4
e +e” e*+e” (ex +e—x)2 M1
Expresses as a single fraction and expands numerator
2
2x —2x X_ X
e -2+e e —¢€
= — = ( )2 = tanh? x Fully correct proof Al*
(e+e™) (er+e™)
2 (ex _efx)z Replaces tanh x with correct expression
Way 3 (tanh? x =) ———= . : B1
(ex + e*X) in terms of exponentials
From
RHS e -_2+e™ e” 42+ 4
(e*+e™ )2 (e*+e™ )2 (e +e )2 M1
Expands numerator and splits into two fractions
(e +e X)2 2V ,
= >—| 5—— | =1-sech®x Fully correct proof Al*
(e +e™) \e +e

3)

Allow “meet in the middle” approaches as long as a conclusion is given e.g. lhs = rhs
Example:

2X 2
rhs:tanh2x=@ or Ihs=1—sech2x:1—( - 2 _Xj
(eZX +1) e +e

B1: Replaces tanh x or sech x with a correct expression in terms of exponentials

(e” —1)2 e —2e” +1 2 V¥ (¢ +97X)2 —4 > _24e™
= nd 1- = =
(eZX +1)2 e™ +2e* +1 (ex +e™ j (e"+e )2 e +2+e

M1: Makes progress by e.g. removing brackets on rhs and expressing lhs as a single fraction and expands

numerator

e —2+e® e -2e"+1

e +2+e® o™ y2e™ 41

Al: Correct proof and (minimal) conclusion e.g. “= rhs” etc.

= 1-sech? x = tanh® x
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2 2x —2X 2X —2X Fa2
2 e’ +2+e -4 e 4+e* -2 sinh“x
2y _ _ _ _ _ 2
l-sech*x=1-| —— | = — = o 5= >— =tanh” x
e +e (ex+ex) e +e"+2 cosh” x
2 2X —2x 2x —2x
2 e’ +2+e" -4 e +e -2
2y _ _ _ _ 2
l-sech®*x=1-| ——| = — = = tanh“ x
e’ +e (ex+e X) e +e +2

Both score BIM1AO as we would need to see numerators and denominators factorised.

Note that we will allow an equivalent identity to be proved by exponentials
and the given identity deduced e.g.

2 2
) et +e™ et —e7*
coshzx—smhzx:[ ] —(

2 2

B1: Correct exponential form seen for cosh or sinh used
e2x 1 e—Zx e2x 1 e—2x

= — _— :1

4 2 4 4 2 4
M1: Expands and collects terms

= cosh? x—sinh? x =1=1—sech? x = tanh? x

Al1*: Fully correct work leading to the correct identity
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b n _ n-2 2 - -
(b) Itanh xdx = J'tanh 3xtanh” 3x dx Splits tanh" 3x into tanh" 3x tanh® 3x ML
= .[tanh”‘z 3x(1—sech2 3x) dx and applies tanh? 3x = 1—sech? 3x
Jtanh” 3xdx = Itanh”’2 3x tanh? 3x dx
Do not condone unless it is clear that 3x was
= J'tanh”‘2 3x(1—sech2 x) dx
intended and is therefore recovered in subsequent work.
= jtanh“’2 3x dx — I tanh"? 3xsech” 3x dx
.[tanh”’2 3xsech? 3% dx = ——— tanh™3x
3(n-1)
Expands and integrates tanh"*3xsech”3x to obtain o tanh"™ 3x
Or it is possible to use parts for ‘ftanh“‘2 3xsech?3x dx :
'.‘tanh”‘2 3xsech?3x dx = %tanh 3xtanh"? 3x —%IB(n —2)tanh3xtanh"*3xsech?3xdx | dM1
= %tanhnl 3x—(n- Z)J.tanh”2 3xsech? 3xdx
— | tanh"? 3xsech? 3xdx = —~ tanh™* 3x
3(n-1)
To score it must be a complete method leading to o tanh"™ 3x as above
1 22 4\t
In = In—Z - : [tanhn_l 3X:|3| 2 = In—Z - L e2In2 -
3(n-1) 0 3(n-Yle +1
. 1 . . . ddMm1
Introduces In-2 and applies x = 3 In2 using a correct exponential definition of tanh or
accept use of a calculator if work is correct e.g. tanh(In2)= g
()
=1_,——=>2__ butcondone I, =1 ,——3
3(n-1) 3(n-1)
Fully correct proof.
Al
Allow recovery from slips e.g. tanh >tan—>tanh or e.g. 3x becoming x and then
reverting to 3x again
If there are clear errors that are not recovered score AQ.
(4)
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Is=1;- ° =h~ -
3(5-1) 3(3-1) 3(5-)
Uses their reduction formula to obtain Is in terms of 11
Note that there may have already been an attempt at I M1

Condone the use of the letter p for the £ and allow a “made up” p for this mark.

ORI

5

This may be implied by e.g. |5:|3_3(5_1)’ 37 l_3(3_1)

(©)

1 Integrates to obtain gln(cosh rx) oe e.g.
_[tanh 3x dx ==In(cosh 3x) gln(sech rx) M1
3 Condone gand/orr=1
Lo L€ e () (&)
° 3 2 6 12
Applies x = lIn 2 using correct exponential definition of cosh or uses a calculator if | 4qm1
work is correct e.g. cosh(In2) :% to obtain a numerical expression for Is
Must not be in terms of p now and must be using a value of p obtained in part (b)
Correct answer in correct form
1.5 177
gln——m (aIIowa:..., b:...,C:...) Al
45 Allow 0.0708 for ¢
(4)
Total 11

Note that part (c) is “Hence” so they need to be using the given reduction formula, however, it is possible to
find Is directly e.g. :

(%)5—1

lo=1,—
3(5-1)

Itanh3 3xdx = I(tanh 3x — tanh 3xsech? 3x)dx - E In (cosh 3x) + gsech2 3x}

Score M1 for using the reduction formula to obtain Is in terms of I (allow the letter p for the £ and

allow a “made up” p for this mark) and then integrating tanh®3x to the correct form e.g.
aIn(cosh3x)+ Bsech? 3x (ce)

The second M mark would also score at this point as in the main scheme for integrating tanh 3xto
obtain gln(cosh rx) oe e.g. gIn(sech rx)

16 1 27

5

1 1 (P 15 1
{—In(costh)Jr—secthx} -3/ T InZ+=x =
3 6 0 35-1) 3 4 6 25 6 2500

ddML1 for a complete method using both limits to obtain a numerical expression for Is using the correct
exponential definitions or via a calculator.

AL T2 L7
3 4 2500

Correct answer in correct form
(allowa=...,b=..,c=...) Allow -0.0708 for ¢
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Question - -
Number Scheme Notes Marks
6(a) -1} (3 -4 -2\ (3 -5 -2\ (1 -1
+AB=+|| 1]|- =+|-1|,+AC=+|| 4 |- =+| 2|, +BC=+ -| 1||=4| 3
3) (2 1 2) (2 0 2 3 -1) | M1
Correct method to obtain two relevant vectors using subtraction.
You can ignore labelling e.qg. if they find BA but call it AB
-4\ (-5 -2
e.g., ABxAC=|-1|x| 2|=| -5
1) L o) |-13 dM1
Correct method to find the vector product of two relevant vectors (if a correct method
IS not shown, two correct components for their vectors must be obtained)
3)(2
eg., |25 |=6+10+26=42
2)\13 ddM1
Attempts the scalar product between their normal vector and any of the position
vectors of A, B or C.
2Xx+ 5y + 132 =42 . .
oee.g. —2x—5y—132+42=0 Any correct Cartesian equation. Al
(4)
(@)altl -1\ (3 -4 -2\ (3 -5 -2\ (-1 -1
+AB=+|| 1]|- =+|-1|,+AC=4|| 4|-|2]||=+| 2|, +BC== -| 1||=4| 3 M1
3) (2 1 2) (2 0 2 3 -1
Correct method to obtain two relevant vectors using subtraction.
3 —4 -5 X=3-41-5u
eg.,r={2|+A|-1j+uy| 2|=y=2-1+2u=eg. A=2-2
2 1 0 7=2+2 dM1
Attempts the parametric equation of the plane and uses components to eliminate at
least one of their parameters.
X=3-41-5u .
eg., Y=2-A+2u =e.g. izz—Z:e.g.ﬂ:E(y—4+z) ddM1
72=2+41
Eliminates both of their parameters.
5} . .
e.g. x=3—4(z—2)—§(y—4+ Z) Any correct Cartesian equation. Al
(@) alt2 3a+2b+2c=1
1 5 13
ax+by+cz=1—» -a+b+3c=1 = a=—,b=—,c=—
21 42 42
—2a+4b+2c=1
1 5 13
= —X+—Yy+—z=1
21 427 42

MZ1: Substitutes the given points to give 3 equations in 3 unknowns
dM1: Solves simultaneously to find values for “a”, “b” and “c”
ddM1: Substitutes back in to obtain a Cartesian equation
Al: Any correct equation
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(b) -1 2 Obtains parametric form for line DE with -
LineDE:(r=)| 1|tA| 5 their normal (or recalculated normal) M1
) 13 seen or implied. Allow one slip only.
1424-1)-(54+1)-17(131-2)=-66 = A =...
Substitutes their parametric form into the equation of 77, and solves for A — can M1
follow MO provided their parametric form was an attempt at OD + A(their n)
A correct exact value for 4 depending on
85 their method e.g. use of
198 n=-2i-5j-13k gives A =—-—
198
DE =\/(2><8_5)2 P Bx 2y 4 (13x Dy
198 198 198
ore.g.
2 2 2
SN0 ) I (PEO O )
99 198 198 99 198 198
Correct method to find a numerical expression for distance DE
Requires previous method mark
85
Note DE =—@J(2)2 +(5)2 +(13)% =... is ok for this mark
Correct exact answer in the required form
or p= 8 or lE
pE - 8522 66 66 Al
66
Not DE =— 85@
66
©)
Beware — Special Case!
An incorrect sign of A may fortuitously give the correct length DE.
-1 2
85
E.g.| 1|+A| 5 | leading incorrectlyto 4= —ﬁwould lead in both dM1 cases above to DE = sz
-2 13
-1 -2
85
E.g.| 1|+A| -5 | leading incorrectly to A = ﬁwould lead in both dM1 cases above to DE = %
-2 -13

In such cases score as M1IM1AOM1ALft i.e. we will only penalise it once.
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Xx+1 y-1 z+2 Obtains Cartesian form for line DE with |
Way 2 (J—r)( 5 5 = 13 j their normal (or recalculated normal)
allowing one slip only and attemptsto | M1
Sim. N y:§X+Z, ZZEXJFQ find two variables in terms of the other
eqns 2 2 2 2 variable
For first 14x—(§ X +Z) _17(E X +gj —_66 M1: Substitutes into the plane equation
three 2 2 2 2 and findsx=...,y=...,z=... M1 A1
marks 14 623 709 Al: Correct exact values
X=—®, Y=@, ZZ@ = Way 1 for last two marks
(©) 1)(2
eg. AFABxAC=| 1 ||5 |=2+5+139-26
g-2)\13
or
4 -1 1
eg. -5 2 0 |=-4(2(q-2))-5(q-2)-5-2
1 1 g-2 M1

4 1 1 -4 1
oreg.ruleofSarrus: |[-5 2 0 -5 2=-4(2(q-2))-5-5(q-2)-2
1 1 g-2 1 1

Correct method for vector between F and A, B or C and finds scalar product with their
normal or attempts the scalar triple product to obtain a linear expression in g.
For the scalar triple product look for at least 2 correct “elements”.

%(13q—19) =1+12=q-=..

. . . dm1
Sets é of their expression in g equal to one or both of 12 (or equivalent work e.g.
their expression in g equal to one or both of +72) and proceeds to a value for g

53 Correct values. Allow exact equivalents
a=7 13 for _>3 e.g. e Al
13 13
(©)
Total 12
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uestion - -
QNumber Scheme/Notes Marks
7(a) y = arccos(sech X)
e.g.. cosy=sechx =
—sin yd—y:—sech x tanh x .
dy  (-sechxtanhx) dx cosy =(coshx)™ =
W~ or, e.g.,
o V1-sech” x g | Sin yﬂ = —(cosh x)?sinh x| M1
—sin y = —sech x tanh x— dx
dy
. . : .. dy dx
Differentiates to obtain an equation in ™ or v of the correct form
X y
e.g. condone coefficient sign errors only.
> dy 1 2o dy  sinhx
N - == J1-sech?x ==
d_y _ sechxtanhx 1-sech® x i sech x tanh x I coshZx
dx tanh x = tanh xd—yzsech X tanh x = tanh Xd_y: sinh x
dx dx cosh’x | dm1
L . .. dy dx . .
Uses correct identities to obtain an equation in d_ or d_ in terms of x only with no roots
X y
but accept v/tanh? X as “no roots”
dy _coshx sinhx
== , -
:>d—y=sechx :d—y:sechx dx_ sinhx- cosh” x
dx dx dy
= — =sechx
dx
. .dy dx . .
Fully correct proof. An equation in — or — and exactly two different hyperbolic
X y
Al*
functions with no roots must be seen before the given answer but accept +/'tanh® x as
“no roots”
Withhold this mark for any mathematical error e.g., clear use of
d 1 d
—(arccosx) =+ and —(sech x) = +sech x tanh x
il )=+ = and g (sechx)
or e.g. hyperbolic functions written as trig functions or vice versa.
Allow slips if they are recovered but clear and consistent errors score A0
Note: There may be other methods seen, e.g., using exponentials and “meeting in the
middle”
(©)
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b 2y 2 _ 2 — = —
() e.g. i(coth X) =—cosech’x or sinh X SOSh X secf; X or 1-coth?x etc.
dx sinh® x tanh” x
(eX —e™* )2 —(eX +e )2 2™ (¥ —1)-2¢™ (™ +1) _4
ore.g. > or > r 5 efc. B1
(=) (¢ 1) (¢=e")
Correct derivative of coth x in any form. Allow recovery if they write e.g. —cosec’x
when —cosech®x is clearly implied by subsequent work.
1 1
e.g., sech X — cosech? = 0 =>sech x = cosech’ = =—
coshx sinh®x
acosh? x+bcosh x+c =0 or asech® x+bsechx+¢=0
or
2
sech x—cosech’x =0 == — 2 X—( . 2 X) =0= M1
e +e e’ —e
= Ae™ +Be* +Ce”* + De* +E =0
Sets f’(x) =0 and uses correct identities to obtain a 3TQ in cosh x or sech x
or substitutes the correct exponential forms and obtains a 5 term quartic in e
cosh® x—coshx—1=0 or sech®x+sechx—1=0 oe
4x 3X C;Z X Al
=>e" —-2e"-2e"-2¢"+1=0 oe
Correct quadratic equation or correct quartic equation.
—(=D +./(-1)? - -
coshy - “CDEVED? 40D (1445
2(D) 2
2
oreg., (sech x+£j L 0= sechx= ~1+45
2 4 2
Solves quadratic resulting from sech x + their derivative of coth x =0 dm1
Must obtain a real and exact value > 1 (or between 0 and 1 if sech used).
Apply usual rules. (No need to reject invalid values)
If no solving method seen one solution must be consistent with their equation.
For the 5 term quartic in e* progress is unlikely unless they proceed via e.g.
2
(e2x —(1+\/§)ex +1) =0
2
X =arcosh % =In 1+\/§+ L+V5 -1
2 2 2
2
X | ox 145+ (1+5) -4 ddMm1
or 218 =1+Jg:>ezx—(1+J§)ex+1=0:eX= ( ) = X=..
2 2 2
Uses correct logarithmic form or exponentials to find x as a In of an exact value.
Exponential definition must be correct and quadratic solving subject to usual rules or
consistent with their equation leading to a value of e >0
1 1 1+5 /1+J§
:x_ln(§(1+\/§)+ E(l+\/§)j or accept x—In[ 5 + 5 J
Al
Note that x = Inl(1+ \/§)+ , /£(1+ \/5) scores A0
2 2
(6)
Total 9
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Correct work in (b) leading to:

cosh? x—cosh x—1=0=> cosh x = 1+£/§

1+\/§ 1+J§ 1+\/§
x=arcosh[TJ=In( 5 +1/ 5 J

1+J§
2

With no evidence where the comes from, scores: BIM1A1dM1ddMOAO
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Question Scheme Notes Marks
Number
8(a) dx vy dy 2«/_
—== or 2y—=8 or 2 X 2or 2
dy 4 ydx dx ( ]( \/_) ( j( \/_)
d g Bl
Any correct equation in —X or _y in terms of y or x
/1+ dy /1+ dy 1+ /1+ =
M1
dx dy . . A
Formsj /1+(@j (dy) or j 1+[& dy) correctly with their derivative
X=18 = y?*=144 = p=12, a=24
12
5 :
= (perimeter of R=) 24+ 2_[ 1/1+i’—6 dy Correct expression Al
0
3)

Page 151 of 152




FP3 2024 01 MS

(b)

Correct derivative.
dy

- = d
y= 4snﬂ1u:: =4coshu Condone & =4coshu Bl
dx
J.4’1+ dy = J‘J (4S|nhu) (4coshu)(du) o _dy
Full substitution, correct for their — | M1
(: 4jcosh2udu) u
1 1 1. 1
jcosh2 udu= (—cosh 2u +—jdu ==sinh2u+=u
2 2 4 2
e e e 1 e’ e 1 e
or du=[|—+=+ du=—+=u-
2 4 2 4 8 2 8 dM1 A1
1 1 . L
dM1: Uses cosh®u = izcosh 2u iE and integrates to obtain asinh2u + bu or uses
k (e“ +e™ ) for cosh u, expands and integrates to obtain ae?" + bu + ce™
Al: Correct integration
Perimeter of R:
arsinh3z|n(3+«fl:0) e2u 1 e—Zu In(3+«/1_0)
—24+(2)(4){ sinh2u+= u} =24+(2)(4)[ +- }
2 |, 2 8 |,
arsinh3=In(3+y10 _ 2'”(3“/1_0) _ ’2'“(3“’&1_
:24+2[25inhu\/1+sinh2u+2u} 0] | =24-e € <3+\/_)
’ 2 1 ddm1
24+(3++10) ——————+4In(3++10
- 24+2[(2)(3)\/1+32 +2In(3+\/1_0)} +(3++10) (3+J1—0)z +4In(3++10)
Substitutes arsinh3 and/or In (3+ \J3? +1) into their expression using correct identities or
correctly removes exponentials to obtain a numerical expression in constants and Ins only
Accept use of calculator here e.g. sinh(2arsinh3) = 610
241210+ 41n(3+i0) Correct answer — any exact simplified | ,,
or,e.g., 4(6+3J1_0+In(3+J1_0)) equivalent
Note: Integration by calculator is likely to access the first two marks only (6)
Total 9

TOTAL FOR PAPER: 75 MARKS
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