Question Scheme Marks
1 a® =48or ae=38 (oe) B1
1 + 1 " " " "
(D+() E.g b>=(ae)’ —a’ ="8"-"48"=... or (ae)’ =64 = ¢’ = 6? _ oAt
a "48"
M1
8
ore=—=---
a
b=4or e= & Al
3
eg. b’ =a’(e-1)= 2::+1:> =..or
g a (e ) e 13 e -
b = "64"("ﬁ"—1j =.=>b=..
48
b=4and e= & Al
3
(3)
(5 marks)
Notes:
(i)+(ii) Mark as a whole

B1: States or implies ae = 8 or a* = 48 (oe)
M1: Complete method to find either b or e or their squares. E.g. uses b* = a’ (62 - 1) and expands

and uses their ae and @ (which may be incorrect) to find b%. Alternatively, may use

(ae)’ =64 = ¢ = 64 _ % to get to & first.

a2
Al: For either 6 =4 or ez#.

M1: Complete method to find the other unknown. E.g. uses 5> = a* (e2 - 1) with their @ and b to
find e or with their a and e to find b.

2 . .
Al: cao. Both values correct. Accept — for e. Must reject the negative values.

V3




Question Scheme Marks
2(a) det A =kx(2x4-3x3)-0-0(=—k) B1
Q)]
(b) 8§-9 16-3 12-2
Matrix of minors: (M) = 0 4k 3k M1
0 3k 2k
-1 0 0
Adj: (C")=|-13 4k -3k M1
10 3k 2k
l 0 0
1 0 0 10 0 k
o1 1 13
A :_k -13 4k 3k |=—| 13 -4k 3k | = 7 -4 3 Al
10 -3k 2k -10 3k =2k _10
— 3 22
k
3
(© 10 0)1 41
AB=A"=B=A"'AT=| 13 4 3|0 2 3|=.. M1
-10 3 2)10 3 4
1 4 1
= 13 53 13 AlA1
-10 -40 -9
3)
(7 marks)
Notes:
(a)

B1: Correct expression for the determinant. It does not need to be simplified for this mark.

(b)

M1: Attempts the matrix of minors with at least 4 correct.

M1: Applies the cofactors and takes the transpose (the determinant need not be introduced yet).

Al: Correct inverse, accept with the determinant outside or inside. (Any expression in the scheme is
acceptable.)

©
M1: Correctly multiplies across by A", applies the transpose and multiplies.
Al: At least 5 correct entries

Al: Fully correct answer.
Alt

M1: Attempts AB = A" after applying the transpose, multiplies the LHS and equates elements
Al: At least 5 correct elements
Al: All elements correct




Question Scheme Marks
3a ) e'—e” 2
sinh x +sech x = + — B1
2 e +e
(ex —e_x)(ex +e"‘)+4
= M1
2 (e" +e )
2x . 2x 2x
_e e +4 & M1
2¢" +2eF e
=e“"+4e”—1>|< AL*
2e’" +2e"
C))
3b l 4x 4 2x _1 1
sinhx+sechx=—e":#z—ex:;f{+4e“—lzp’/+e“ M1
2 2e™ +2e" 2
3¢ =1 Al
1,1
=>x=—In— M1
2 3
1
=——In3 Al
2
“4)
(8 marks)
Notes:
(@)
B1: Correct expression in terms of exponentials given.
M1: Combines the terms over a common denominator.
M1: Expands and simplifies to a point where positive indices for the exponentials are evident.
A1*: Achieves the given answer with no incorrect work seen, and a step with the brackets all
expanded before the final answer. Allow e.g. e** —e™ for the expanded brackets.
Note: There may be variations using other identities, e.g. sinh xcoshx +1 = sinh2x +2 before

cosh x 2coshx
applying identities. In such case the scheme can be followed — B1 for use of correct exponential
identities when they are applied, M1 for combining the fraction (scored before the B mark here),
then M1 for simplifying to positive indices in the exponents, Al if all correct.
(b)

M1: Applies the result of (a) and cross multiplies to achieve an equation in e* only.

) 1
Al: Correct equation as shown or e** = 3

M1: Solves the exponential equation of form ae™ =5 to find a value for x
Al: cao.




Question Scheme Marks
4(a) i j k
bxc=(i+2j-2k)xGi+j+k)=|1 2 -2
M1
31 1
=(2x1-1x-2)i£(1x1-3x-2)j+(1x1-3x2)k
bxc=4i—-7j-5k Al
(2)
(b) ae(bxc)=(2i—k)e(4i—7j—5k)=2x4+0x—T+(-1)x(-5) =... M1
=13 Al
2
© Volume OABC = %|30(b><c)| =% B1ft
(0))
(d) Area triangle OBC= %|bxc |=%\/42 +77 45 = M1
Way 1
Vol O4BC = %threa OBC:»%hx'%\/?":%:»h:... M1
13
= or 13J10 Al
W10 30
(©))
Way 2 Plane OBC'is re"4i—7j—5k" = 0 (using the origin as a point on the plane) M1
d_|4><2—7><0—5><—l+0|_ 00 M
V& 47+ 5
13
= or 13@ Al
310 30
(©))
Way 3 | Findinge.g. +(c—a) or +(b—a) M1
Resolving along the direction of the normal e.g.
4 4
+(c—a)e| -7 +(b—a)e| -7
-5 -5 M1
d = or d =
N +7+5° N& +7+5°
13
= or 13J10 Al
310 30




©))

(8 marks)

Notes:

Accept equivalent vector notation, e.g. column vectors, throughout.

(@
M1: Attempts the vector product with at least two components correct (simplified or unsimplified).
Al: Correct vector

(b)
M1: Takes the scalar product of a with their answer to (a). Obtaining a vector is MO.
Al: Correct value.

(©
B1ft: For %x [their answer to (b)|
(d

Way 1
M1: Correct method for the area of the triangle OBC.

M1: Sets up and solves a correct equation for the shortest distance using the formula V' = %Abh with

their area and their volume from (c).

13490

90

13
Al: Correct answer. Accept equivalents such as 730 or

Way 2

M1: Identifies or implies the equation of the plane containing OBC (following their (a)).
M1: Uses the perpendicular distance formula with their plane and point 4.

13490

90

13
Al: Correct answer. Accept equivalents such as or
J90
Way 3
MI1: Finds the directional vector +(c¢—a) or +(b—a)

M1: Resolves along the direction of the normal vector to the plane

13 o 13490
J90 90

Al: Correct answer. Accept equivalents such as




Question Scheme Marks
5(a) & _ 2sinh 2¢ and b_ 4cosht B1
dt dt
2 2
(gj + (d_yj =4sinh* 2¢+16cosh’ ¢ M1
dt dr
= 4(cosh® 2t —1) +16cosh” ¢
=4(2sinhtcosh?)’ +16cosh” ¢ ) 2 ) M1
= 4(2cosh t—l) —4+16cosh” ¢
=16cosh’ ¢(sinh’ £ +1) _16cosh® t—16cosh®t +4—4+16cosh’s| M1
=16cosh* ¢ Al
)
(b) 3 P P 3 3
s = J. ’ (%j +(d_yj dt = j 24c0sh2 tdt :J‘22(1+cosh2t)dt M1
o dt dt 0 0
3
= [2¢+sinh 2¢]2 =(3+sinh3)—(0+0) dMm1
=3 +sinh 3 Al
(€))
(c) 3 2 2 o>
Sx=2ﬁj2y (gj +(d_yj dt =27 | 4sinhex4cosh® rds Bl
0 dr dt Jo
1 ;]
=327z[—cosh t M1
3 do
32 3
=—”|:(COSh3 —j—(cosh3 0)} dM1
2
:32—7[((:0 h3§—lj Al
4
(12 marks)
Notes:
(a)

B1: Correct derivatives.

M1: Square and adds their two derivatives (allow if coefficients not squared correctly).
M1: Applies the double argument formula for hyperbolics.

M1: Factors out the cosh ¢ terms and applies Pythagorean identity for hyperbolics.

Al: Correct answer from correct work.

(b)




M1: Applies the arc length formula with the square root of their (a) and applies the double argument

formula cosh’t = J_r% + %cosh 2t to reach integrable form.

dM1: Integrates and substitutes the limits (allow bottom limit 0 implied). Dependent on the
previous method mark.

Al: Correct answer.

Mixing up variables e.g. x and ¢ etc loses final A mark if not recovered.

(©

B1: States or applies the surface area formula with the square root of their (a) and y substituted,
including the 2w but limits not needed for this mark.

M1: Integrates to the correct form (limits not needed for this mark). Alternatives may be possible
here.

dM1: Substitutes the limits into their integral. Dependent on the previous method mark.
Al: Correct exact answer, accepting equivalents. Numerical equivalent 402.72...is AO0.

Alt 1 for (¢):

3 . . 3 3
S, = 242 y (3] +(d—yj dr = 327r“-2sinht+sinh3 rd = 3zﬂj2sinht+l(sinh 3¢—3sinh ) ds
,War) "lar . . 4

2
=32 cosht+l lcosh3t—3cosht] :327z(lcoshi+Lcosh2—l—Lj
4\ 3 0 4 2 12 2 4 12

8z

=— 3cosh§+cosh2—4
3 2 2

Alt 2 for (¢)
3

3 3

= 2 2
S, = 272'.[ 2 y\/(;ﬂj + (((11—yj dt =327 | “sinh +sinh® zdr = 327 | sinhz + sinh? t sinhtds
’ t !

(=}

0 v 0

. 1 ;|2
sinh ¢ =327Z'|:§COSh t

Jo

3
2 P

2
=32 j sinh ¢ +I cosh? t sinhtds —
0 0

== 32z cosh’ é—1
3 2

| w

o0




Question Scheme Marks
6(a) -2 2 2 1 -2-2
-3 -7 3| 0|=|-3+3|=.. M1
I 1 3){-1 1+3
-4 1
=| 0 |=-4x| 0 | has an eigenvector Al
4 -1
Eigenvalue is —4 B1
(©))
(b) 24 2 2 R S T S | I e
3 7-4  -3=(-2-2) -2 + =
1 | 3.2 1 -3-1 1 -3-4 1 1 MI1A1
=(-2-24)((-7-2)(-3-4)+3)-2(-3(-3-4)+3)+2(-3-(-7- 1))
0=(-2-1)(24+101+1%)-2(21+8
(-2-2)( )-2(22+8) .
=-21"—124° - 481 - 64
= —(A+4)(2* +81+16)=—(4+4) =0=>A=—4 only Al
Q)
() -2 2 2\ 1+t
-3 -7 3| 2t-1]|=.. M1
1 1 -3 =3t
—2-2t+4t-2-6t —4—4¢
=|-3-3t-14t+7+9t |=| 4-8t Al
I+¢+2¢t-14+9¢ 12t
Image line is x+4:y_—4:i M1A1
-4 -8 12
“4)
(11 marks)
Notes:
(@)

M1: Multiplies the matrix by the given vector, at least two correct entries.
Al: Correct resulting vector and shows it is a multiple of the original vector.
B1: Correct eigenvalue identified. Allow simply A = —4

(b)

Note: allow the marks for (b) to score if seen in part (a)

M1: Expands det(M—AlI) fully to a cubic (need not be expanded).

Al: Fully correct expansion (need not be simplified).




M1: Sets det(M —AI)= 0 and simplifies to the cubic. May identify a factor of 4+4 in each term —
allow the M for identifying this. 0=(-2-1)(A+4)(A+6)—4(1+4)=(A+4)(-2* -84-16)

Al: Reaches the cubed form and deduces only one eigenvalue. Must show the result by either fully
factorising the correct cubic, or factorising the correct quadratic after the correct cubic is seen.

(©

M1: Attempts the parametric form of the line and multiplies by the matrix M.
Al: Correct result of the multiplication.

M1: Forms the Cartesian equation for their resulting vector.

Al: Correct answer (oe - e.g. 6x+24=3y—-12=-2z).




Question Scheme Marks
7(a) (7 B1
I, Z[le‘” tan” x]‘ | Ze* tan" wsec® x dx

4 o Jo 4
. f M1
:{le‘”‘ tan” x]‘ B s tan’”x(1+tan2 x) dx
4 . 4),
1, n
=[Ze j_(o)_z(znﬁzm) M1
1 T4
32[n+1:_eﬁ_ﬁln—l_lrt:>ln+1:e___[n_ln—l Al
4 4 4 n o n
“4)
Alt 1: n
I"H:,“ e* tan"” xtan® x dx = J e* tan"” sec xX— l)dx M1
0 B1
z M1
"y |4
_ e4xtan X _j 4o 4, tan” xdx—ln_l Bl
no | Jo n
e” 4
= [—j—(O)—-]ﬂ -1, M1
n n
1n+1 :e__iln_]n 1 Al
n o n
“4)
I, =J.4e4x tan""' x dx
Alt 2: ’ ) Bl
1 4x n+l 4 11
=|—e"tan""dx| —| —e"(n+1)tan" xsec’ x dx
4 0 0
:{le“ tan""' T _n+1j' e* tan x(1+tan x)dx M1
4 0 0
1 n+1l
=| —e" |-(0)- I +1 . M1
(4o -0 )
:>]n+2 = © l_illnﬂ _In
n+l n+ Al
) e” 4
Replacinge.g. 'n=n-1'=1, =—-—1 -1 ,

n n




I = j e tan"2 xtan® x dx = I "t tan" x(5602 X - 1) dx M1
Alt3 ' . ' B1
tan""! x |4 4 tan"" x Mi
=|e" —| 4t —Fdx-1 B1
n-1 | 0 n—1
e” 4
I = —(0)———1 -1
n [l’l—lj ( ) n_l n—1 n-2 Ml
:>In+1 :e__iln _]n—l Al
n o n
(b) 3
Io=j e4xdx=[le4x} = M1
0 4 0
1, 1
=—e" —— Al
4 4
()
(© L= " 3700 1[” 1] (=2.8047 M1
=S s g0 e 1) (228007,
eﬂ' n n
, =————x"2.8047"-3.7002 (:2.2607...)
s "4" Ml
. :e———x"2.2607"—"2.8047":
=1.8945...=1.89 Al
3)
(9 marks)
Notes:
(a)

B1: Correct application of integration by parts on the given integral (need not be simplified).

M1: Applies sec’ x =+1+tan’ x to the integral.

M1: Evaluates the definite part of the integral and replaces appropriately by /, , and 7, ,, in the

integral.

A1l: Achieves the correct answer from completely correct work with no errors seen and the /, ; and

n

recovered then final AO.

Alt 1:

I ., correctly established and substituted. Condone missing arguments etc if recovered, but if not

B1: Correct application of integration by parts on a suitably adapted integral (need not be
simplified). Awarded after the M1 in this approach but score as the first mark.

M1: Applies sec’ x =+1+tan’ x to the original integral. (First mark awarded in this approach but
score as the second mark.)

M1: Evaluates the definite part of the integral and replaces appropriately by /., and [/, ,, in the
integral.




A1l: Achieves the correct answer from completely correct work with no errors seen and the /, | and
I ., correctly established and substituted.

Variations on these methods may be seen but can be scored via this scheme, but the final A will need
indices correctly adjusted if they work from different index at the start of the appropriate method.

Alt 2:
B1: Correct application of integration by parts on the given integral (need not be simplified).

M1: Applies sec’ x =+1+tan’ x to the integral.

M1: Evaluates the definite part of the integral and replaces appropriately by /, and /, , in the
integral.

A1l: Achieves the correct answer from completely correct work with no errors seen and the /, | and
I,., correctly established and substituted. If /

n+

, 1s correctly found, then accept a change of variable

to obtain the correct reduction formula e.g. letting 'n =n—-1'

(b)

1
M1: Integrates to ke**, k =+4 or iz and substitutes the limits.
Al: Correct answer.

(©)

M1: Applies the reduction formula at least once with their /, and the given value for /, and n = 1.

M1: Proceeds to apply twice more to reach a value for /,. Evidence of the use of (a) must be clear.

A1l: Correct answer.




Question Scheme Marks
1
8(a) 2\
2_x+2_yd_y:() or d_y:d_yﬂz 3CO.S0 or d_yzg l_x_ X_2_x Bl
16 9 dx dx dédf —4siné dx 2 16 16
dr 4sing| (-2(4cosf)x9)’
mN:——: = . Ml
dy 3cosd 16 x2(3sin O)
y—3sin0="4sm0"(x—4c05¢9) M1
3cosd
3ycos@—9sinfcosf =4xsin@—16sin O cos b Ry
= 4xsind—-3ycosd =7sinfcosl
(C))
(b) xA=7C059 B1
4
1 1,7 .
Area OAP = —x,xy, =—x"—cos0"x3sin @ M1
2 2 4
:gsiné’cos@:ﬂxlsin%? M1
8 8 2
zﬂsin29 Al
16
“4)
21
(© = Blft
16
(0))
(9 marks)
Notes:
(@)

B1: Any correct differential statement for the ellipse given.
M1: Substitutes P and applies the negative reciprocal to find the gradient of the normal in terms of
M1: Attempts the equation of the normal using their attempt at the normal gradient — any adapted

%or equivalent method. If using the 'y = mx + ¢' method then they must make progress to finding

the ‘c’.
A1*: Multiplies by the "4cos@" to get rid of the fractions in the equation and correctly reaches the
given equation with derivative having been seen and no errors in the working.

(b)

B1: States or uses the correct x coordinate at point A4.

M1: Correct method for the area of triangle OAP.

M1: Applies the double angle identity for sin to reach the required form.
A1: Correct answer.

(©

B1ft: Identifies their value of £ as the maximum value for the area.




Question Scheme Marks

9(a) dy 1

—_— =—X...

dx 1_[ X Jz M1
V1+x*

dy _ ><l><\/l+x2 —xx%(1+x2)7éx2x _ 1 M
5

o (V=) (1)

dy 1 ><1><\/1+xz—x><;(l+xz)£><2x
d 1_[ x ] (Vie2) Al

VI+x?

1 \/1+x2—x2(1+x2)_% le x> -2 1

= X = = * %
1— X’ I+x* (1+xz—xz)\/1+x2 NI Al
1+x°
“4)
(b) b1 _J';dx_ inh
= y= =arsinh x+c¢
dx  J1+x? V1+x?
M1
= artanh( al ] =arsinh x+c¢
V1+x?
x=0= artanh (0) = arsinh (0)+c=c¢=0
X . Al
Therefore artanh = arsinh x
V1+x?
(2)
(6 marks)
Notes:
(a)
1
M1: Attempts %, with correct form for the artanh, ie the ————— (and this may be all)
X
1—

V1+x?

Need not be simplified and allow if the squaring is not fully correct (e.g. numerator or denominator
squared is sufficient to imply the attempt at squaring).

M1: Attempts % with a correct attempt at the chain rule (or product rule) used (the artanh

derivative need not be correct for this mark).
Al: A correct unsimplified expression for the derivative.

A1*: Simplifies to the give answer with suitable intermediate step and no errors seen (e.g. either of
those shown in the scheme).

(b)




M1: Integrates the answer to part (a) to achieve the arsinh answer with constant included and
equates to the initial function.
Al: Shows the constant of integration is zero to complete the proof with conclusion, no errors.

1
=) Alt dy AN+ x? —Bx(l+x2 )75 X X

X 2
tanh y = =sech” y M1
VI+x’ (\/1+xz)2
dy x> \dy
= (I-tanh® y)—==|1- - =.. M1
( N ( 1+x2jdx

—

(l— x* )d_y:\/1+x2—x2(l+x2)_2 Al

1+x* ) dx 1+x?

Al*

1+x?

:(1+x2—x2]d_y: 1+ x> —x :>dy_ | S
dx (1+x2)\/1+x2 dx 1+x*

C))

Notes:

(@

M1: Takes tanh of both sides and differentiates using the product or quotient rule on the RHS,
achieving the form shown.

M1: Applies sech” y =1+tanh” y and replaces tanh y to get a derivative statement in terms of x
only.

Al: A correct unsimplified expression in terms of x in the derivative.

A1*: Simplifies to the give answer with suitable intermediate step and no errors seen.
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