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January 2024
WFMO2 Further Pure Mathematics F2 Mark Scheme

Question
Number

Scheme Notes

Marks

1

>2x+3

x+2

Examples:
I-(x+2)(2x+3)

x+2
x+2>2x+3)(x+2)’

:>(x+2)(2x2 +7x+5)=o or 2x° +11x +19x+10=0

>0=2x"+7x+5=0

=2x+3=(2x+3)(x+2)-1=2x"+7x+5=0
x+2

Uses algebra to obtain a 3TQ, (x + 2) multiplied by a 3TQ or a 4TC. Allow slips and
condone incorrect inequality signs but the first algebraic step should be otherwise

appropriate so do not accept work with e.g., (2x+3)(x+2)=0. The “= 0" can be
implied by solutions. Graphical attempts require intersections to be found
algebraically. Squaring first is acceptable so allow M1 for obtaining a 5STQ
(4x* +28x" +73x* +84x+35=0)

M1

e.g,(2x+5)(x+1)=0=| Both —1 and —3 from appropriate work and no extra

_5 1 incorrect cvs. May only be seen in the solution set.
YT Allow solving a 3TQ etc. by calculator.

Al

Identifies —2 as a critical value. May only be seen in
solution set. This is the only mark available if there is no
x=-2 algebraic manipulation seen. Allow from any or no
working e.g., from (2x+3)(x+2)=0

B1

:>x<—§, —2<x<-loreg,(—0,~2.5),(-2,-1)

M1: For the regions x <a, —2 <x <b with real cvs a <-2 and b > -2 but condone
b < x < -2 as anotational slip for this mark.

Condone any non-strict inequality signs and poor notation for this mark. Not
dependent but must follow an attempt at algebraic manipulation.
A1: Correct solution set in any form. Do not isw if the correct inequalities are
subsequently incorrectly amended. Allow all marks even if an incorrect inequality
sign was seen earlier in the working.

M1 A1

Examples:

—§>xor—2<x<—l M1 Al x<—§and -2<x<-1 M1 Al

(Accept any word between the two correct regions)
x<—2,-1<x<-2 MI AO (notational slip)

b

(_oo _%j m(—2,—1) M1ADO (incorrect symbol — allow “and”) [—oo,—%} u[—2,—1] MI1AO

x<—3 —2<x x<-1 MO AO (insufficient)

(6))

Total 5
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Question
Number

Scheme Notes

Marks

2(a)

2
() z= 6—6\/§i = ‘z‘ = ’62 +(6\/§) =12 +12 only. Accept if just stated

B1

6,3

(ii) e.g., argz=— arctanT

. 64/3
Attempts an expression for a relevant angle. Look for +arctan iT\/_ ore.g., +tan' [i L]

Vg
63

If arctan is not seen allow e.g., tana = o > a= 3 with a correct for their tan &

If using sin or cos the hypotenuse must be their 12

M1

arg z or arg or argument (of z) = —% *

A correct proof with no incorrect work/statements. LHS required. Allow "& =" if

consistent, ¢.g., & =—% cannot follow "tan@ = +\/§ "

Al*

(i)
Way 2

z= 12(%—@1) :12(cos(—§)+isin(—§)) or 12¢ ¥ or cosH:%orsinH:—g[Ml] =argz=—% [Al¥]
B

M1: Factorises out 12 and writes in trig or exp form or identifies cos @ = ;andsin @ =—-
Al: Acceptable statement with all work correct

(ii)
Way 3

z= 12(003(—§)+isin(—§)) or 12¢ ¥ or 12(%-@1): 6—63i [MI] = argz =—Z [A1*]

M1: Assumes result, writes correctly for their 12 and attempts a + ib form
Al: Obtains 6— 6\/§i and makes acceptable statement with all work correct

€)]

(b)

z= "12"{005(_£j+isin (_ZJJ or "12"e7§i [no missing “i”” unless recovered]
3 3
Correct trig or exp. form with their 12. Could be implied by their z* in trig or exp. form e.g.,

("12"6_?)4 Allow equivalent values of @ e.g. % and use of e.g., sin(—g) = —sin(g).

Condone poor bracketing. Allow this mark if +2k7,— 2k, + 2k appears with argument

M1

4r.
zt = 20736(cos[—4?”j+isin(—4?ﬁﬁ or 20736(003—4?”+isin—4?ﬂ] or 20736e 3

Correct z* in any form. 12* evaluated and arg. of —42 (not just4x—Z) or 2 only although

may use e.g., sin(—%”) = —Sin(%’f). No “k”’s. Condone an “unclosed” bracket.

Only accept —10368 + 10368\/§i or 20736(—% + gl) provided evidence of de Moivre.

Al

2)
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Question Scheme Notes Marks
Number
2(c) 1 _z _z x
w=z2 =(J_r)\/"12" cos| — |+isin| — | ore.g., (J_r)"2\/§"e 6
2 2
[no missing “i”” unless recovered]
Correct use of de Moivre’s theorem with —Z and their 12 to attempt one square root. M1
Allow work with argument of ST” for—5 and use of e.g., sin(—%) = —sin(%) . Condone
poor bracketing.
MO if z* used for z. Allow this mark if +2kz,— 2k, + 2k appears with argument
w=3—1/3i,—3+/3i oe
ATlft: One correct exact root in a +ib or c(a +ib) form (a, b, c may be unsimplified but not
numerical trig expressions) ft their 12 only i.e.(i) N VA (% —%i) Alft
Al: Both exact roots (no others) correct in @ +ib form — a and b may be unsimplified (but Al
not numerical trig expressions) e.g. accept
3 36 W12 243
a= ()N (1) B ()2 (52
2 2 2 2
Accept+(3-+/3i) but just+3-+/3iis A1 AO. Justiﬁ(ﬁ— i) is A1 AO
Note: w* =7° (COS 260 +isin 29) =z =r, @, w=...1is an acceptable approach 3)
Alt

w? =z = (a+ib) =a* —b* +2abi=6- 63 = a* —b* =6, 2ab=—63

—ﬁznf—2—Z=6:>a4—6a2—27=(a2—9)(a2+3)=0:>a2=9,a=i3,b=-T—\/§
a a

M1: From a correct starting point, expands and equates real and imaginary parts to form
two equations in @ and b and obtains at least one value for both « and b

w=3-3i,—3++/3i

Al: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified)
Al: Both exact roots (no others) correct in a +ib form — a and » may be unsimplified

b=

Total 8
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(12\11111?1%2? Scheme Notes Marks

3(a) - \/r(r +1) - \/r(r -1 A correct multiplier to rationalise
X the denominator seen or implied by M1
Jre D)+ fr(r=1)  Jr(r+1) = Jr(r=1) correct work

R R ) I S R C

r(r+1)—r(r—1) 2
Correct expression or correct value for A. Condone poor notation if intention clear.
There must be (minimal) correct supporting working.

Alternative:
_ r r

Al

rL:>A=l
2r

r
(\/r(r+1)+\/r(r—l))(\/r(r+l)—\/r(r—l)) I”(r+l)—r(r—1) o PPar—ri4r

M1: Correctly makes A4 the subject Al: Correct completion with one intermediate fraction

(o)

2

(b) V20 (=2 (o)

L A [

...+\/(n—1)(n—1+1) —\/(n—l)(n—l—l) [: \/n(n—l)—\/(n—l)(n—2)j
+Jnn+1) = fn(n=1T)

M1: Applies the method of differences for » =1 and » = n in the given expression with or
without their 4 and obtains one correct row of these 2.
M1: Applies the method of differences for » =1, » = n and either » =2 or » =n — 1 in the
given expression with/without their 4 and obtains 2 correct rows of these 4.

When considering how many rows are correct, if 4 has been clearly applied to any term
then assess all rows as if 4 has been applied throughout.

M1
Condone missing bracket if their 4 is applied to a row e.g., “ 1 X \/g - \/5 ”iflitis

M1
recovered but e.g., @ —\/5 is an incorrect row. Ignore a row for » = 0. Condone

equivalent work with » or e.g., k used for n.

Both marks can be implied by a correct final expression with or without their 4
provided there are at least any two correct rows of differences

i.e., "%”(1/n(n+1) —O) or ./n(n+l) -0

Note: row 3 is ”%"(\/E (or 2\/5) —\/g) , Tow 4 is"%"(\/% (or 2\/5) —\/E(or 2\/5))
If 1 is fully applied the rows are:

2 6 2 12 6 20 12
LB L (or ), B (or5) L (or ). .
Jn-2)(n-1)  Jn-2)(n-3)  Jn(n-1)  Jn-D(r-2)  Jn(n+l)  Jn(n-1)
ceey > - B 2 - 2 2 - 2

3 3

Correct expression in terms of n. No
incorrect terms seen in differences work even
2 if cancelled but condone the occasional poor

1 n+n
=—./n(n+1) oe e.g.,~—— bracket. There should be no “0” so e.g., Al
2 Jnn+1) g~ g

%(\/m—o) is AO

Does not require marks in (a)

(€))
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Question

Number Scheme Notes Marks

3(c
©) ) r=Sn(n+1) cg. sightof kx...= [Ln(uery|  States or uses the correct M1
i 2 2 summation formula for integers

k 1 k 1 \/5 only (Not ). k= \/5 must
5«/”(” +1) = 1/5 n(n+1) = - \/; = k= \/5 not come from a clearly incorrect Al

equation.
(2)

Total 7
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%llller;%g? Scheme Notes Marks
4(a) o (3x .3 (3« Any correct first derivative.
y=tan 7 =) _ESCC 7 Notlmphedby y'(%):3 B1
=1 =2x 3 sec [31 x SeC (3"] tan [3)6} «> | Attempts the second derivative achieving
2 \2 2 2) 2 foed? [ 3x Jtan( 3x ] or unsimplified
> 2 M1

9 L[ 3x 3x
=5 sect| o tan) - equivalent. Not implied by y"(£)=9

dM1: Attempts third derivative using
the product rule, achieving

w9 o3 3x).3 .9, (3 3 3 3 3 3 3
=y"=2 sec’ (%} sec’ (TXJ xZ+otan [%] x2x Esec2 [gj tan [TXJ Psect (;j + Osec? (zxj tan? [;j
or unsimplified equivalent. Requires dMm1

27 4 3x) 27 L[ 3x > 3x previous M mark. Al
=—sec | — [+—sec’| — |tan" | —
2 2 2 2 Al: Correct differentiation. Accept

unsimplified. Not implied by
ym( ) 54

If gec? [3_"} =tan? (3_)6) +1 is used the identity must be used correctly and to score M marks
2 2

expressions of consistent form should be achieved.

Note that replacing sec’ 3% in V'= y”'zzsec 331 8leee?| 3 Jan?| X
2 4 2] 4 2 2

BB .

Attempts values (but allow numerical trig expressions) for y and their 3 derivatives at % - accept

stated values or insertion into a series of the correct form

) 9 7\ 54 z)
(y=)1+3 X——|+=|x——| +—|x——| +
6) 2! 6 3! 6

Applies Taylor’s correctly about £ with their values/numerical trig expressions. If values are not

dM1

seen separately the work should imply a correct formula but allow a recognisable attempt at the series
following the correct general formula stated. Requires previous M mark.

Correct expression with coeffs. in simplest

) 9 ju 2 . 3 form. “y = ...” not required. Requires all
(y =)1+3(x—6j+2{x—] +9[x—6j +... previous marks. Al

Score A0 if clear evidence of use of any wrong
derivative expression.

Ife.g. y"'( )1s found by calculator but y'(x)and y"(x) were seen award 1100110 max 7

Note: With responses that work in sin and cos throughout, to score M marks there must be
no loss of form when differentiating (sign and coefficient errors only, also allowing sign
errors with product/quotient formulae). Any use of identities must be correct. E.g:

R R B el

2 cos(%‘) 0052(37*)

e coS( )Sln( )+ cos( )sm (7*) or fcos( )s1n(32)0r 9sin(37x)
cos (%) cos (3716) 2 cos? (3%)

Y

T A et (1) 330, 3]
= 2

2
cos (7*) 7+27t +Zt
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Number
4(b) Va T | 97 =& ’ T T ’
y| S =43 2L 2 22| 49| 22
4 4 6) 24 6 4 6
9 2 3
or 143 Z |+ 2] 2| 49| =
12) 2(12 12
Substitutes — into their expression for y of the correct form with at least the first M1
three terms (series about £ ). Must have values (not unevaluated trig expressions).
If only a decimal value is given then it must be the correct awrt 2.26 to score M1
(2.255314325).
If there is no working they must obtain an expression with at least @+ bz +cz” and
correct exact ft @, b and c for their series or 1+ % +cx’ with correct exact ft ¢
Correct answer or values for 4
2 3
1 ELELm 1+lﬂ+iﬂ2 +L”3 (32) and B (192). Can be awar@ed Al
4 32 192 47 32 192 if full marks were not scored in
(a).
(2
Total 9
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Question Scheme Notes Marks
Number
5 7> =100cos’ @+20cos O tan &+ tan® & Any correct expression for 72 | Bl
Attempts formula for the area

with their 72 which may not

5 5
} r dﬁz{l} (1000052 0 +20sin @ + tan” 0){do9}
0 21 ) Condone missing 1 and limits
not required

be expanded M1

- %Jj (50(1+cos26’)+20sin9+sec2 0—1){d0}

Condone mixed variables.
A1l: Correct integral following cos” @ = % +%cos 260 and tan’ @ =sec* @—1. The
cos @tan & must be written as sin @ (implied if appropriately integrated later).
The 1 is required (it may be seen later) but limits/d @ are not needed. Allow mixed

variables if subsequent work recovers this.

1 1
M1: Uses cos’ @ = i5i5c0s29 or tan’ @ = +sec’ @ + 1 in their 2
1 1
M1: Uses both cos’ 8 = iE + ECOS 20 and tan’ @ = +sec’ @ +1 in their /2 M
Both M marks can be scored without the integral and the 1 . M1
Al

x 3
= l[496’+25sin26’—200056’+tané?} or £9+§sin29—100050+ltan0

2 0 2 2 2 .
MT1: Achieves three of the following four integrated forms:

k — k6 (at least once), cos20 —>...sin20, sin@ —>...cos@, sec’ 6 — ...tan O .
Ignore other terms if 3 of the above are satisfied. No 5 or limits required. Condone

mixed variables.
Al: Correct integration including the ; (may be seen later). Limits not required.

May be unsimplified e.g., 496 seen as 5060 —6 . Allow mixed variables if
subsequent work recovers this.

M1

Al

2
=l 49—7r+&—10+ 3+20| or 49—7[+ﬁ—5+£+10
21 3 2 6 4 2
Applies the correct limits to an expression of the form p@ + g sin 20 + r cos @ + s tan
(p.g,r,s#0) Allow slips but there must be a clear attempt to substitute, and they

must only subtract the value of their 7, e.g. if » =20 work must have or imply
...— (=20) or +20. Allow mixed variables if the substitution recovers this.

—1[f%5+2smn33—20amngmm§—(0+0—20+0£

M1

Correct answer or values for

I
_ L |
12(987r+8 3+60) swer of

Al
(€)

Note that there are other viable routes through the integration e.g., use of integration by parts

Total 9
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Question
Number

Scheme Notes

Marks

6

(@

Forms correct auxiliary equation
—6+./36—52 and obtains a correct numerical
T expression for at least one root by
. formula or uses CTS (apply usual
{: -3+ 21} CTS rule below). One correct root
if no working

m*+6m+13=0=>m=

M1

2
CTS rule:m2+6m+13=0:>(migj +q+13=0, g#0=>m=...

CF examples:

(x=)e™ (A cos 2t + Bsin Zt) Correct complementary function
a . in any form, allow if the “x =" is
or (x=) Ae COS(_zt ) +Be Sm<_2t ) missing or wrong and accept for
or ( x :) P2k Qe(—3—2i)f this mark if the C.F is given fully

in terms of x instead of 7.
or (x=)e™ (Pezi' + Qe’z”)

Al

Correct form for the particular

integral selected. Must include

Ae”'but accept with any extra

PI: {x =} Ae™ terms that correctly disappear

when coefficients found. Accept

“PI=". If Ae™is used p =-3 must
be seen later.

B1

Differentiates a PI of any form
twice (provided it has at least one
dx d’x constant and is a function of 7)

_—= -3 —_—= -3 . . .
dr 3e; 4 ose and substitutes into the equation.

— 900 4+ 6(—3 e ) +134e™ = 8™ Allow oqu s1gn/'coefﬁqen't errors
only in the differentiation.
Their PI must lead to non-zero
derivatives.

M1

Proceeds to find the value of the
constant following use of a PI of
=91-184+134=8=1=... (2) the correct form. Any
unnecessary extra terms in the PI
must be found to be zero

dM1

Correct general solution ft on
their CF only — any CF provided
it has at least one constant and is
in terms of 7.

Must have x = ...

Do not allow if their CF is
miscopied or mathematically
changed

x="e (Acos 2t+Bsin2t)" +2e

Alft

Work with a PI of the form Are”'is BOM1dMOAO max even if 2e™'is obtained.
Only condone incorrect variables if they are recovered but refer to the note for the
first Al.

()
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Number

Scheme Notes

Marks

6(b)

X = 1 atr=0 Uses the initial condition for x in their GS

2 to find a linear equation in one or two
N 1_ A0 (: A __j constants. Allow for GS = CF or CF + PI
2 - and the constant may come from the +PI

M1

x=e' (A cos 2t + Bsin 2t)+2e’3’

;ﬂ = (—2A sin 2z + 2B cos 2t) ~3¢™ (A cos 2t + Bsin ZZ) —6e™
t
Uses the product rule to differentiate their real GS obtaining an expression in

terms of ¢ of the correct form for their GS (sign and coefficient errors only — so do

not allow e.g., ...e” —...e” ). Allow for GS = CF or CF + PI and does not have to

include constants.

If they work with a complex function e.g., x = P!>V + Qe 4 2¢
is unlikely.

This mark is not scored for work in (¢)

~'progress

M1

tzoﬂzl:l:zB—M—é:B:...(:l)

d 2 2

Uses both initial conditions to find values for the 2 constants (no others) in their

GS = (CF with 2 constants) + PI(no constants). One constant must be found to
be non-zero.

Requires both previous M marks.

ddM1

Correct particular
L 3 ) N solution in any form in
x=e (—20052t+sm2t}+2e terms of 7.
3 Must be x = ... unless
orx=¢' [—cos 2t +sin 2t + 2} this was the only reason
2 for final A0 in part (a)
due to omission or e.g,
“y=..."” was used

Examples:

a3 .
or x=2e 3’—§e 3 cos2t+e " sin 2¢

Al

Q)]

(©)

e (3sin2t+20052t)—3e’3’ 3 cos2t+sin2e |—6e =0
dt 2

dx
Sets an expression for — = 0. Accept with any unfound constants provided d— =1(¢)
t

M1

(3sin2t+20052t>—3[—20052t+sin2t}—6:0

Achieves an equation of the form asinbt +ccosbt +d =0 or equivalent with
terms uncollected. One of a and ¢ non-zero and b and d non-zero.

Must follow a GS = CF + PI where two constants were found for the CF and

one for the PI. Requires previous M mark.

dM1

Finds a value of ¢ from cos it = ¢ (k #1, —1<c< 1) and uses their positive (or made

Requires both previous M marks.

cos2t = % =1=0.1973955598...=> x or a = %e’“o'lm“) [4—3>< % +2sin(2x 0.1973...)J =..

positive) value of ¢ to find a value of x (or a) via their PS. Accept a pair of stated values.

ddM1

xora=0.553(1164729...) \ awrt 0.553

Al

Q)

Total 14
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Number
7(a) Attempts to make z the
z-3 ) . .
w= Y =>2w-—wz=z-3=>z=.. subject and obtains any M1
Way 1 1=z f(w)
342w —3-2iw i
o= or Any coqect expression Al
w+1 —w—1 for z in terms of w
_ 3+4+2iu—2v y u+1-iv
u+iv+l  wu+l1-iv M1
Applies w =u + iv and a correct multiplier for their z seen or implied by a correct
result from their z. Denominator must have had a “w”. Note alternative route below.
. 342iwu-2v _u+l-iv G-2v)(w+D+2uv+2u(u+1)i-3B-2v)vi
X+iy= - x — = —
u+iv+l  u+l-iv u+1)"+v
2u(u+1)—(3-2 3-2 +1)+2
y=x+3 oe = u(u+1) 2( ZV)V:( V)(uz )2 3
(u+1)y"+v (u+1)"+v M1
Multiplies, extracts real and imaginary parts and uses them in the equation y = x + 3 (oe) to
produce an equation in # and v only — no “i”’s. Condone y = ...i if recovered. Can follow
slips with multiplier but denominator of z must have had a “w”
Note: Just2u(u+1)—3-2v)v=3-2v)(u+1)+2uv+3 is MO (lost denominators)
Expands and simplifies to
20 +1)— (B —2v)v = (3= 20) (s +1) + 2uv+3(u +1)? + 37| Obtain an equation of a
2,7 5 620 circle with 4 or 5 real dddM1
—u ity tvto= unlike terms.
All previous Ms required.
Alternative for the above 3 marks (note this could be done by equating expressions for y)
. 34+2iu-2v . . .
X+y=———= (x+1(x+3))(u +1+1v) =3+2ui—2v
u+iv+1
M1: Applies z = x+1y, uses y =x + 3 and cross multiplies
x(u +1)—v(x+3)+(x+3)(u+1)i+xvi =3-2v+2ui
=Sux+x—vw—-3v=3-2v, ux+x+3u+3+xv=2u
3+v -u-3
=>x= , X=——
u+l-v u+l+v
M1: Equates real and imaginary parts and makes x the subject twice
(3+v)(u+1+v) :—(u+3)(u+1—v):>3u+3+3v+uv+v+v2 =—u’ —u+uv—>3u—3+3
=V +Tu+v+6=0
M1: Equates expressions for x to obtain a circle equation with 4 or 5 real unlike terms
2 2
7 1 49 1 13 7 1 . \/26 13
=|lu+—| +|v+—| =—+——6=—=>centre: | ——,—— |radius: ——or | —
2 2 4 4 2 2 2 2 2
M1: Extracts the centre and/or radius from their circle equation, however obtained, with 4
or 5 real unlike terms. Circle equation must not be in terms of z or w. They must get one
correct coordinate (but condone wrong sign) or the correct radius for their circle. M1
. Al
May use u” +v’ +2gu+2fv+c =0:>centre:(—g,—f), radius =«/g2 +f*—c Al

A1l: For a correct centre or radius from a correct circle equation
Al: For correct centre and radius from a correct circle equation

. 7 1.
Centre as coordinates, x/u=..., y/v =... or as ————i and allow(—-%,—11i)
2 2

Allow exact equivalents for coordinates/radius

@®)
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Question Scheme Notes Marks
Number
7(a) ' . M1: Uses z =x + iy and
_z=3 _ x+iy-3 :x—3+1(x+3) y=x+ 3 in the given M1
Way 2 2i—z 2i-x—iy 2i-x—i(x+3) transformation Al
[Note that it is possible to replace x with y — 3] Al: Corfec‘[ expression for
w in terms of x
—x_3+.l(x+3):u+iv3x—3+i(x+3):—xu+v(x+1)—iu(x+l)—ivx ApplleSW.=u.+1V and M1
—x—i(x+1) multiplies
X=3=—ux+vx+v, x+3=-ux—u-wx Equates real and imaginary
3+ _ 3-u parts and makes x the M1
x—1+u_v, x—1+u+v subject twice
Equates expressions for x
to obtain a circle equation
343u+3v+v+uv+vi =-3-3u+3v—u—u’+ ) que
wrovTy L;v ‘; . " 6 _‘E) wo iy with 4 or 5 real unlike dddM1
Su +v +Tu+v+6= terms.
All previous Ms required.
2 2
7 1 49 1 13 7 1 ) 26 13
=>|u+—| +|v+—| =—+——-6=—=centre: | ——,—— |radius: ——or  |—
2 2 4 4 2 22 2 2
M1: Applies a correct process to extract the centre and/or radius from a circle
equation, however obtained, with 4 or 5 real unlike terms. One correct coordinate
(but condone wrong sign) or radius correct for their circle. M1
Al
May use u’ +v’ +2gu+2fv+c=0=centre:(—g,— /), radius =/g* + /* —¢ Al
A1: For correct centre or radius from a correct circle equation
A1: For correct centre and radius from a correct circle equation
. 7 1. .
Centre as coordinates, x/u=..., y/v =... or as - —51 and allow (—%,—11) 8)
e.g., 3 points on line are (0,3), (1,4) and (2,5) . Attempits three
Way 3 or z, =3i, z, = 1+4i, z, =2 +5i points/comp ex numbers M1
on y =x + 3 with 2 correct
_z-3 _3i-3 _2+4 _ 1451 Correct transformed
W=——=>w =— ), = - Wy, = - Al
2i—z — -1-2i -2-3i complex numbers
3i-3 i —2+41 -1+2i —1+5i —2+3i
w = XT W= . W= -
-1 i -1- 21 —1+2i -2- 31 —-2+3i M1
At least two correct multipliers to remove “i” from denominator seen or implied (one if
(=1, 2) used). Requires 2 correct points/complex numbers on line
8 Two correct complex
w=-3-31 wy=—=—=i w=-1-1 numbers in a + ib form or as M1
> 5 points
6g+6f—c=18 Uses a correct general
2, .2 equation of a circle to form
eg, X +y +2ax+2f+c=0=>L2g+ %8 f =0 quatl . dddM1
g Y H2gx 2y S8t/ three simultaneous equations.
2g+2f-c=0 All previous Ms required.
:>g=z,f 1 , c=6=centre (—g,— f): [—Z —ljradius— g+ - \/_ \/7
2 2’ 22 M1
M1: Solves and obtains at least one correct coordinate (but condone wrong sign) or Al
radius for their constants Al
A1l: Correct centre or radius from correct work
Al: Correct centre and radius from correct work (8)
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Question Scheme Notes Marks
Number
7(b) MI1: Any circle with the whole interior
(i) & (ii) indicated. Ignore any inconsistencies with
their stated centre, value for radius (which
may have been negative) or circle equation.
If shaded, consider the shaded area but if not
allow any credible indication such as an “R”
ﬂ‘ inside the circle unless they have clearly M1
indicated a segment. (B1 on
/—\ Al: Correct circle drawn in the correct ePen)
position with whole interior shaded.
Entirely in quadrants 2 & 3 and centre if Al
marked in Q3 (if not marked then more than (B1 on
half of the circle in Q3). Condone if it ePen)
appears that the area above the x-axis is
greater than the area below provided the
centre is indicated in Q3. Must be shaded
but does not require a label. Circumference
may be dotted/dashed line. Ignore incorrect
labelling of centre/axes/intersections but
requires full marks in (a).
2
Total 10
Question Scheme Notes Marks
Number
8(a) Allgw “single fraction” to be i.mplied by sum/diffeljence. of fractions with same
denominator or a product of fractions. No further fractions in numerator/denominator.
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cos2x | sinx 2 2
cot 2x{+tanx} = Uses cot2x = C?S Yore. .’fzosix M1
sin2x COS X sin2x 2sin xcosx
cos2x+2sin? x Uses sufficient correct
s identities e.g.,
) Sll;lxcosx 2 ) ) C082x=1—281n2x
1-2sin” x+2sin” x . COs”x—sin X+2sin” x ) ) .
2sin xcos x 2sin xcos x cos );—cozs x—251n1x
2cos” x—1+2sin’x _ cos2x+1—cos2x o8 e = Lcos X
. . 2sin “x =1—-cos2x
sin2x sin 2x 5 o 5
OR COS2x+tanxsin2x COS 2X COS X + S1In X S1n X—COS( x—x) Al
sin 2x to obtain a correct single (M1 on
sinx fraction with numerator in ePen)
Cos2x 4 X 2sinxcosx |—2sin? x4 2sin’x | terms of sin x and/or cos x or
= sin2x =8 sin2x “cos2x+1—cos2x”. A
OR % 2Xcos x +sin xsin 2x qualifying fraction must be
sin 2x cos x selzen before |
3. a2 .2 or
cosx . Cos” x—sin XCOSX+2sin” xcos x Ysinxoosx O sin2x
sin2xcosx sin 2xcos x Condone poor notation.
Fully correct proof with one of
1 the two intermediate fractions
= by or — 5 = cosec2x* seen. All notation correct — no Al*
S X COos X St 2x mixed or missing arguments or
e.g. sin x* for this mark.
3)
Alt 1—tan’ x 1—tan®
- —tan x
cot 2x{+tan x} = —{—Han x} Uses cot2x=——— M1
2tan x 2tan x
Uses correct identities e.g.,
5 5 sin x
I—tan” x+2tan” x tan x = oe
CoS X
2 1:2an X to obtain a correct single
tan’ x4+ 1 (%) +1 cosx(sin2 x +cos’ x) fraction in sin x and cos x but
: = 2
sinx 2 sl sec” x . Al
2tan x 2o 2cos” xsinx allow 5 following use of (M1 on
. tan
tan’x+1| cosx| _ sin’x+cos’x o ePen)
or X 2x=1 2
. sec” x=1+tan" x
2tan x COS X 2sin xcos x o :
A qualifying fraction must be
sec” x cos X seen before
2tanx  2cos’ xsinx : ! or .1
2sin xcos x sin 2x
Condone poor notation.
Fully correct proof with one of
| the two intermediate fractions
Py or — 5 = cosec2x * seen. All notation correct — no Al*
SIXCOS X S 2x mixed or missing arguments or
e.g. sin x? for this mark.
3)
uestion
IQ\Iumber Scheme Notes Marks
8(b) M1
Examples:
P Al
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Vv :wsin2x:>2yd—y:d—wsin2x+2wc052x
dx dx

1 Logy 1L 1 1 L dw 1
or y=w?(sin2x)? :Ey=5w2(sin2x) 2(2cos2x)+—w 2 —(sin2x)?
dy

) 2ysin2x = —y°.2cos 2x
or w2 _ dx

sin2x  dx sin” 2x
d
or w= y’cosec2x =>2y ay cosec2x —2y’cosec2xcot 2x
M1: Attempts the differentiation of the given substitution using the

. . : . d d
product/quotient and chain rules and obtains an equation in S and <L of the

correct form (sign/coefficient errors only and allow sign errors with
quotient/product rule).

. . . . d )
This mark is not available for work in d_y or (jl—wunless appropriate work follows to
w 34

. . ..d d
achieve an equation in ayand Ew of the correct form.

Al: Correct differentiation

dy > o 1 dw . : .
y——+y tanx=smx — €.8., —| —sin2x+2wcos2x |+wsin2xtanx =sin x
dx 2( dx
A recognisable attempt to eliminate y from the original equation to obtain an M1

.. . d
equation involving aw, w and xonly . Not dependent.

= dw + 2w(cot 2x+tan x) = 2‘sm al
dx sin2x

dw
= E +2wcosec 2x =secx *

Fully correct work leading to the given equation with 2w(c0t 2x+tan x) ore.g.,

Al*
2wcot 2x + 2wtan x clearly replaced by 2wcosec 2x but allow cot 2x written as
1 cos2x . sin x
or — and/or tan x written as
tan2x  sin2x cos x
If the result in (a) is not clearly used there must be full equivalent work.
Allow use of “csc 2x”
“4)

Quoir

Notes Marks
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8(0) 2| cosec2x(dx .
Ml1: e ] (&) condoning
dW 2 | cosec2xdx 1ssi
—+2wcosec2x =secx => [F=e J =tan x omission Sf’?ne or both
dx 27s M1
—In(cosec2x+cot2x) 1 1 Al: tan x oe Al
or e = or or tan x e
cosec2x+cot2x cotx Allow ktanx e.g., e tanx
Not juste™™
Correctly applies their
integrating factor to the
equation, i.e.,
= w'"tanx"= | "tanx"secx {dx} =IFxw= IFxsecx{dx} M1
Allow equivalents for sec x.
Condone “y” used for “w”
for this mark.
— wtan x = secx( +c) Correc‘F equation oe with or Al
without constant.
UsingIF = v = RHS of Jde which s likely to need rewriting as J. tan xsec x dx
cosec2x +cot 2x cosec2x +cot 2x
Note that IBP on sec x tan x by writing it as sec’ xsin x can lead tosin x tan x + cos x(+c)
Use Review for any attempts at integration you are unsure about.
2
e.g, y° =wsin2x and wtanx =secx+c = 'y tanx =secx+c
sin 2x
5 sin2x
=y =.. (secx+c)
tan x
Substitutes for w correctly and reaches y* = ...
Their »” = ... must be consistent with their equation in w and x that immediately ddMmi1
followed their integration.
This mark requires both previous M marks and an attempt at integration
that includes a “+ ¢”
A further example is:
2 . csin2x
W= cosecXx + =y~ =cosecxsin2x + ———
tan x tan x
{ 5 ZSinxcoszx( 1 j }
e.g., y = - +c|=>
smx COoS X
y* =2cosx+ Acos’ x
Any correct ) = ... equation with RHS fully in terms of cos x. E.g. accept Al
Y =2cosx+2ccos’x  )? =cosx(2+4cosx) 7 = 2c0s x| ——+c
COS X
Ignore any inconsistencies with the constant e.g., 2¢ later written as ¢
(6)

Total 13




