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8FMO Unit Test — FPure2 — 5 Further Sequence and Series

1. On Jim’s 11 th birthday his parents invest £1000 for him in a savings account.
The account earns 2% interest each year. On each subsequent birthday, Jim’s parents add
another £500 to this savings account. Let U, be the amount of money that Jim has in his

savings account n years after his 11th birthday, once the interest for the previous year has been

paid and the £500 has been added.

(a) Explain, in the context of the problem, why the amount of money that Jim has in his savings 3]

account can be modelled by the recurrence relation of the form

U, =1.02U,-1 +500 Uy =1000 neZ"

(b) State an assumption that must be made for this model to be valid. 1]

(c) Solve the recurrence relation 5]

U, =1.02U,_1 +500 U, = 1000 neZ*

Jim hopes to be able to buy a car on his 18th birthday.

(d) Use the answer to part (c) to find out whether Jim will have enough money in his savings 2]

account to buy a car that costs £4500.

Total: 11
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(Q1 continued ...)
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8FMO Unit Test — FPure2 — 5 Further Sequence and Series

2. Sam borrows £10000 from a bank to pay for an extension to his house.
The bank charges 5% annual interest on the portion of the loan yet to be repaid.
Immediately after the interest has been added at the end of each year and before the start of the
next year, Sam pays the bank a fixed amount, £F'.

Given that £A, (where A,, > 0) is the amount owed at the start of year n,
(a) write down an expression for A, in terms of A,, and F, 1]

(b) prove, by induction that, for n > 1 5]

A, = (10000 — 20F)1.05" ! + 20 F

(c) Find the smallest value of F' for which Sam can repay all of the loan by the start of year 16 4]

Total: 10
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(Q2 continued ...)
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3. A tree at the bottom of a garden needs to be reduced in height. The tree is known to increase
in height by 15 centimetres each year.
On the first day of every year, the height is measured and the tree is immediately trimmed by
3% of this height.
When the tree is measured, before trimming on the first day of year 1, the height is 6 metres.

Let H, be the height of the tree immediately before trimming on the first day of year n.

(a) Explain, in the context of the problem, why the height of the tree may be modelled by the 3]
recurrence relation

Hypi1 =097H, +0.15, H, =6, neZ"

(b) Prove by induction that H, = 0.97""' +5n > 1. 4]

(c) Explain what will happen to the height of the tree immediately before trimming in the long 1]
term.

(d) By what fixed percentage should the tree be trimmed each year if the height of the tree 2]

immediately before trimming is to be 4 metres in the long term?

Total: 10
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(Q3 continued ...)
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