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8FM0 Unit Test – FPure2 – 2 Further Matrix Algebra

1. [7]

A =

⎛
⎜⎝ 1 1

−2 4

⎞
⎟⎠

Find a matrix P and a diagonal matrix D such that D = P−1AP.
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8FM0 Unit Test – FPure2 – 2 Further Matrix Algebra

2. Given that

A =

⎛
⎜⎝3 2

2 2

⎞
⎟⎠

(a) [2]find the characteristic equation for the matrix A, simplifying your answer.

(b) [3]Hence find an expression for the matrix A−1 in the form λA + μI, where λ and μ are

constants to be found.

Total: 5
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3. (a)

A =

⎛
⎜⎝1 −2
1 4

⎞
⎟⎠

i. [2]Show that the characteristic equation for A is λ2 − 5λ+ 6 = 0

ii. [3]Use the Cayley-Hamilton theorem to find integers p and q such that

A3 = pA+ qI

(b) [5]Given that the 2× 2 matrix M has eigenvalues −1 + i and −1− i, with eigenvectors
(

1
2−i

)
and

(
1

2+i

)
respectively, find the matrix M.

Total: 10
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(Q3 continued . . . )
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4. The two sequences xn and yn satisfy the recurrence relations

x1 = 2 xn+1 = 5xn − yn n ≥ 1.

y1 = 1 yn+1 = 3xn + yn

(a) [2]Find the value of x3.

These recurrence relations can be written in matrix form as

(
x1

y1

)
=

(
2

1

) (
xn+1

yn+1

)
= A

(
xn

yn

)
, n ≥ 1

where A =

⎛
⎜⎝5 −1
3 1

⎞
⎟⎠.

(b) [5]Find

i. the eigenvalues of A,

ii. the corresponding eigenvectors of A.

(c) [2]Hence write down matrices P and D such that P−1AP = D, where D is a diagonal matrix.

New sequences un and vn can be formed from xn and yn using the transformation

(
un

vn

)
= P−1

(
xn

yn

)

(d) [2]Show that (
un+1

vn+1

)
= D

(
un

vn

)
.

(e) [2]Hence find closed form expressions for the original sequences xn and yn.

Total: 13
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(Q4 continued . . . )
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